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PREFACE 



This volume contains a mildly expanded version of lectures and talks at seminars and 
conferences, as well as review papers on subjects listed in the title of the volume. A great 
deal of these texts have already been published or sent to press. However, the only way to 
provide a good exposition of the field we are interested in is to collect all of those papers 
together. 

Bounded symmetric domains form a favorite subject of research in function the- 
ory, non-commutative harmonic analysis, and representation theory of real reductive Lie 
groups. The authors introduce the notions of q-analogues of bounded symmetric domains 
and q-Harish- Chandra modules. For that, they follow the traditions of quantum group 
theory in replacing Lie groups with the quantum universal enveloping Drinfeld-Jimbo 
algebras and representations of groups with associated Harish- Chandra modules. 

The purpose of this volume is to convince the reader in exceptional attraction of the 
deduced class of quantum homogeneous spaces and the related class of modules over 
quantum universal enveloping algebras. 

The first part of the volume contains 4 lectures on the quantum unit disc. The first 
of them does not assume the knowledge of quantum group theory. It contains a list 
of problems which we find specific for this part of 'non-commutative function theory', 
together with explanations about what kind of results would be reasonable to expect 
when studying q-analogues of bounded symmetric domains. 

The second part of the volume contains 3 lectures devoted to 'function theory' in q- 
analogues of bounded symmetric domains and the related problems of non-commutative 
harmonic analysis. A feature of these fields is that the algebras they deal with are involu- 
tive, and the modules over universal enveloping algebras involved are normally unitaris- 
able. 

The third part of the volume includes 3 lectures devoted to q-analogues of Harish- 
Chandra modules. These modules arise naturally as soon as one disregards involution 
and unitarisability. It is worthwhile to emphasize an important open problem in the 
quantum group theory, the problem of construction and classification of simple quantum 
Harish- Chandra modules discussed in the first lecture of this part. 

The fourth part of the volume collects some additional and auxiliary results. In par- 
ticular, the last lecture contains a discussion on equivalence of several approaches to 
construction of q-analogues for vector spaces which admit natural embeddings of the 
bounded symmetric domains in question. 

These lectures were delivered within the period 1996 - 2001. In some of them it would 
be reasonable to provide references to papers which contain complete proofs of the results 
announced in the lectures. Also, in some other parts of the volume, we would like to 
mention some applications of our results. This information is attached as notes of the 
Editor to particular lectures. 

Editor 



5 



INTRODUCTION 



S. Sinel'shchikov L. Vaksman 

Institute for Low Temperature Physics & Engineering 
47 Lenin Avenue, 61103 Kharkov, Ukraine 

A great deal of a background of the quantum group theory was worked out by V. Drin- 
feld and expounded in his report at International Congress of Mathematicians j3] . 

Just after its appearance in 80-th the theory of quantum groups attracts an attention 
of a large number of specialists due to substantial new problems that arise here as well 
as due to perfectly surprising applications and links to various fields of mathematics and 
theoretical physics. By now, dozens of monographs and hundreds of research papers have 
been dedicated to the theory of quantum groups and related topics. It is too cumbersome 
to describe all the areas in quantum group theory. We are going to dwell here on the 
theory of 'functions' in q-Cartan domains. 

Consider a bounded domain D in a finite dimensional complex vector space. It is 
said to be symmetric if every point p G 2? is an isolated fixed point for a biholomorphic 
involutive automorphism 

iPp-.Ti^T), ippOipp = id. 

2? is called reducible if it is biholomorphically isomorphic to a Cartesian product of 
two nontrivial domains. A classification of irreducible bounded symmetric domains up 
to isomorphism was obtained by Eli Cartan. There exist four series of such domains (A, 
C, D, BD) and the two exceptional domains. It was demonstrated by Harish-Chandra 
that every irreducible bounded symmetric domain admits a so called standard realization 
as the unit ball in a finite dimensional normed vector space. The irreducible bounded 
symmetric domains of this sort are called Cartan domains. 

Series A. Let m,n G N and m < n. Consider the vector space Mat^n of complex 
matrices with m rows and n columns. Every such matrix z determines a linear map of 
Hermitian spaces C" —>■ C™. Equip Mat^n with the operator norm ||z||. The unit ball 
D = {z G Matmnl ||z|| < 1} is a Cartan domain of series A. It is easy to produce an 
automorphism with a fixed point zq in the special case zq = (just z \—>- — z). The general 
case reduces to this special case by considering an action of the group Aut(2)). This 
group admits an easy description if one passes from matrices z to graphs of the associated 
linear maps, thus using the embedding D GimiC"^'^"') (similar embeddings exist for 
all Cartan domains; these are called Borel embeddings). 

Example (series C, D). The series C and D are defined in a similar way, except that 
m = n, and in the case of series C one should consider the symmetric matrices (z = z*) 
while in the case of series D antisymmetric matrices (z = — z*). For all those series the 

This lecture has been delivered at the conference dedicated to the 40-th anniversary of the Institute for Low 
Temperature Physics and Engineering, August 2000, Kharkov 
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automorphisms of domains are just fractionally linear maps 

z ^^ (az + b)(cz + d)"^ 

The following areas attract a permanent attention of specialists in function theory and 
theory of representations of real reductive Lie groups (see a list of references in [Ij): 

• construction of unitary representations of Aut(!D) in Hilbert spaces of functions in 
the domain D or on its boundary, 

• the theory of Toeplitz and Hankel operators in those Hilbert spaces, 

• non-commutative harmonic analysis, 

• description of algebras of Aut(X')-invariant differential operators and their common 
eigenf unctions, 

• studying of generalized hypergeometric functions related to Cartan domains. 

Our principal observation is that the methods of quantum group theory allows one 
to embed a great deal of the results on Cartan domains into a one-parameter family of 
'q-analogues' (everywhere in the sequel q G (0, 1)). 

The term 'q-analogue' can be easily illustrated by an example of a q-analogue of the 
binomial formula: 



(a + by 



k 

E 

i=o 



Consider the free algebra C{a,b) over the field of complex numbers with two generators 
a, b, together with the two-sided ideal generated by ab — qba. The associated factor 
algebra C[a, b]q is called the algebra of functions on the quantum plane. The monomials 
{Va^} j,iez+ form a basis in the vector space C[a,b]q. Thus we get well defined numbers 
k;q' 



such that 



[a + bf 



k 

E 

j=0 



Of course, 



lim 



k;q 



The numbers 



'k;q 
. J . 

'k;q 
. j . 



are called q-binomial coefficients or 

They are 



Gaussian polynomials as they are really polynomials of the indeterminate q. 
well studied and are among the simplest q-special functions [3]. 

After introducing 'Planck's constant' hhj q = e~'^/^, we observe a similarity between 
the passage from the relation ab — ba = Q io ab — e~^^'^ba = and the quantization 
procedure. 

The quantum group theory allows one to obtain non-commutative algebras which 
are q-analogues for algebras of functions in Cartan domains and q-analogues of some 
results of function theory in those domains. To rephrase, the quantum group theory leads 
to a variety of results of non-commutative function theory in q-Cartan domains. 

Consider a Cartan domain D G V. The algebra Pol{V)q of 'polynomial functions' on 
the quantum vector space V for < g < 1 is introduced as a *-algebra determined by its 
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generators Zi, Z2, ■ ■ ■ , zm and the relations 

ZiZj = q'^'^ZjZi+ ^ aii^jj>{q)zj>Zi^, i>j 

M>i>i'>j'>j>l 

M 
i',j'=l 

The choice of kij, aiifjji{q), biiijj'{q) is determined by quantum symmetry arguments; in 
particular, \im aw jj/{q) — 0, limbii'jjr{q) — 5ii/5jj/. 

q-*l 

Example. The simplest Cartan domain is just the unit disc in C. In this special case 
the *-algebra Pol(C)q is determined by a single generator z and a single relation: 

z z = q zz + 1 — q . 

In the classical case (i.e. for q — 1) the *-algebra Pol(\^) can be equipped with the 
norm 

||/|Hmax|/(;.)|, 

where T) is the closure of the domain V. Each element Zq E V determines a *- 
homomorphism 

Pol(V^) ^ C, f{z) ^ f{zo). 

In this setting the points of D are exactly the points which determine bounded linear 
functionals. 

That is, one can use ||/|| in Fo\{V) instead of in V to distinguish the domain 
T> (ZV. This approach can be transferred onto the quantum case. By definition, 

11/11= sup ||f(/)||, 

T 

with T is any irreducible *-representation of Pol{V)q in a Hilbert space. (An expe- 
rience shows that there exists a unique^ faithful irreducible *-representation T. This 
representation provides a suprcmum in the above equality. In the example Pol(C)g such 
*-representation can be defined in /^(Z+) by T(z)ek = (1 — q^'^'^'^^^Y^'^Ck^i, T(z*)ek — 
{I - q^'^y/^Ck-u k 0, T{z*)eo = 0.) 

To conclude, we restrict ourselves to the case of unit disc in C in presenting a list of 
those formulae of classical function theory and classical harmonic analysis where we were 
lucky to 'insert the index q'. First, recall that 

a b\ az + b 



Aut(D) 



a b 
c d 



c dj^ cz + d' 

D = e C| 1^1 < 1}, 

a = d, b = c, ad — be = 1 )■ / ■{ ± 

a b\ az + b 



1 
1 



c dj ' cz + d' 



^Up to unitary equivalence 
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The ring of Aut(D)-invariant differential operators is generated by 

n = -(i-ia4'^ 

oz oz 

(the invariant Laplace operator). An invariant integral is of the form 

dRez dlva.z 



du={l- \zY) 



2\-2 



TT 



(the normalizing multiple is not essential here). 

The spectrum of □ in L'^{dv) is purely continuous and fills the semiaxis (— oo,— |]. 
Recall an explicit form of an eigenfunction expansion for □. 

1 - bp 

The function P{z, C) — =— is called the Poisson kernel. If / is a 'good' function 

on the circle dD — {z &<C\ \z\ — 1}, then for all p e R the function 



u{z)^ J P(^,e^^)'''+^/(e^^)^ 



is a solution of the differential equation: 

An eigenfunction expansion of a 'good' function in the disc T> has the form 



u{z) = I I P{z,e^y^+'^u{p,e^')^ \ s{p)dp, 



Ko 

with u{p, e*^) being an analogue of the Fourier transform, 



u{p,e'^)^ J P{z,e'^)-'P+^u{z)du{z), 



D 



and s{p)dp — 2pth{7rp)dp the Plancherel measure. 

One more result is related to the invertibility of (the closure of) the operator □ in 
L\duy. 



D 

2 

Here G{z, C) = In ' ' 



(□-V)(^)= J G{z,0f{0di^{0- 



is the Green function of □. 



For a 'good' function u{z) in the disc !D one has 

T) D 
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All the above results admit q-analogues. Here is the idea of some of the proofs. 
For q = 1 the radial part d^^^ of the operator □ is a differential operator in a suitable 
Hilbert space of functions on the interval (0,1). For < g < 1 the spectrum of the 
operator T(l — zz*) is a union of {0} and the geometric progression {1, g^, g^, g^, . . .}. 
This progression substitutes the interval (0,1), and the operator d^'^^ is replaced by a 
difference operator (a difference approximation of the differential operator D^^^) in the 
space of functions on the above progression. What remains is to obtain formulae for 
eigenfunction expansion for this difference operator. A passage from the radial part 
to the entire operator □ is accessible via an application of quantum symmetry arguments. 

Describe briefly a passage from the disc to generic Cartan domains and their q- 
analogues. Let K C Aut(D) be a subgroup of all linear automorphisms of D. The 
subalgebra of i^'-invariant elements of the algebra of continuous functions in D admits a 
q-analogue. One can prove that this subalgebra is commutative, and its space of maximal 
ideals works as the set specT = {0} U {1, g^, g^, g^, . . .}. In this setting a single difference 
operator is replaced by a family of pairwise commuting self-adjoint difference operators in 
the associated Hilbert space. The problems in question are just the expansion problems 
in the common eigenfunctions. 
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Notes of the Editor 

The recent works [H 12] deals with the ^-representations of Po\(y)q in the special case 
of series A, that is V = Matm,n- The results of those works are applied in some of the 
lectures of this volume as well as in [31 RJ. The work [3J contains a description of all 
irreducible ^-representations of Pol(Mat2,2)(j up to a unitary equivalence. In |3] one can 
find a proof of the fact that for / G Pol(Mat2,2)g the norms ||/||, ||T/|| are the same: 
11/11 = ||T/||. These norms and the identity have been discussed in the introduction. 
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PART I 
THE SIMPLEST EXAMPLE 



A NON-COMMUTATIVE ANALOGUE OF THE 
FUNCTION THEORY IN THE UNIT DISC 



D. Shklyarov S. Sinel'shchikov L. Vaksman 

Institute for Low Temperature Physics & Engineering 
National Academy of Sciences of Ukraine 
e-mail: sinelshchikov@ilt.kharkov.ua, vaksman@ilt.kharkov.ua 

Abstract. The present work considers one of the simplest homogeneous spaces of the 
quantum group SU{1,1), the q-analogue of the unit disc in C. We present q-analogues of 
Cauchy-Green formulae, integral representations of eigenfunctions of the Laplace-Beltrami 
operator, Green functions for Poisson equation and an inversion formula for Fourier trans- 
form. It is also demonstrated that the two-parameter quantization of the disc introduced 
before by S. Klimek and A. Lesniewski, can be derived via the Berezin method. 



1 Introduction 

The theory of von Neumann algebras is a non- commutative analogue of the function 
theory of real variable and its far-reaching generalization. This approach is also applicable 
for developing a non-commutative analogue of the function theory of complex variable, 
as one can see in the classical work of W. Arveson [1^. However, a progress in non- 
commutative complex analysis was inhibited by the absence of substantial examples. The 
break was made possible by the fundamental works of L. Faddeev and his collaborators, 
V. Drinfeld, M. Jimbo, S. Woronovicz in quantum group theory. The subject of this paper 
is the simplest example of a quantum homogeneous complex manifold, the quantum disc. 
Meanwhile, a part of the exposed results are extensible onto the case of quantum bounded 
symmetric domains |T5] . 

We obtain non-commutative analogues for some integral representations of functions 
in the disc and find a non-commutative analogue of the Plancherel measure. The Berezin 
method is applied to produce a formal deformation for our quantum disc. Our results 
provide an essential supplement to those of the well known work in this field. The 
initial sections contain the necessary material on differential and integral calculi in the 
quantum disc. 

In the cases when the statement in question to be proved via the quantum group 
theory is available in the mathematical literature (in particular, in our electronic preprints 
[T7] , jlHI , [ini , ED] ) , we restrict ourselves to making exact references. This approach allows 
us to expound all the main results without applying the quantum group theory, and thus 
making this text intelligible for a broader class of readers. 

The authors are grateful to V. Drinfeld for helpful discussions of a draft version of this 
work. 



This lecture has been delivered at the monthly seminar 'Quantum Groups', Paris, February 1996. 
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2 Functions in the quantum disc 

We assume in the sequel all the vector spaces to be complex, and let q stand for a real 
number, < g < 1. 

The works consider the involutive algebra Pol(C)g given by its generator 

z and the commutation relation 

z z = q zz +1 — g. 

It arises both in studying the algebras of functions in the quantum disc (13 CSl IS] and in 
studying the q-analogues of the Weil algebra (oscillation algebra) 0. 
Any element / G Pol(C)g admits a unique decomposition 

jk 

Moreover, at the limit g ^ 1 we have z*z = zz*. This allows one to treat Pol(C)g as a 
polynomial algebra on the quantum plane. 

It is worthwhile to note that the passage to the generators a"*" = (1 — q'^)^^^'^z*, 
a = (1 — g^)~^/^z realizes an isomorphism between the *-algebra Pol(C)g and the q- 
analogue of the Weil algebra considered in a^a — q^aa^ = 1. 

Impose the notation y = 1 — zz*. It is straightforward that 

z*y = q^yz*, zy = q~'^yz. (2.1) 
It is also easy to show that any element / G Pol(C)g admits a unique decomposition 

f = J2 ^"^-(?/) + My) + E (^)^*'"- (2-2) 

m>0 m>0 

The passage to the decomposition (|2.2p is similar to the passage from Cartesian coordi- 
nates on the plane C ~ to polar coordinates. 

We follow ^3 in completing the vector space Pol(C)^ to obtain the function space 
in the quantum disc. 

Consider the Pol(C)g-module H determined by its generator vq and the relation z*vo = 
0. Let T : Pol(C)g — > Endc(-ff) be the representation of Pol(C)g in H, and lm,n{.f), 
m,n E Z+, stand for the matrix elements of the operator T(/) in the basis {z"^vo}m£Z+- 

Impose three topologies in the vector space Pol(C)g and prove their equivalence. 

Let Ti be the weakest among the topologies in which all the linear functionals Ij ^ : 
/ ^ CLjkif), j, k G Z+, are continuous, 

T2 the weakest among the topologies in which all the hnear functionals I'mn '■ f ^ i^miq'^"'), 
m G Z, n G Z+, are continuous, 

73 the weakest among the topologies in which all the linear functionals lm,n, m,n E 
are continuous. 

Proposition 2.1 The topologies Ti,T2,% are equivalent. 
Proof. Remind the standard notation: 

m— 1 00 

{t; q)m = n (1 - = 11(1 - tq^). 

i=o i=o 
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It follows from the definitions that with m > k 

m _ ( 2m -2\ m-k 

z z Vq — [q ,q )k- z Vq. 

Hence 

min(m,n) 

lm,n{f)= Yl C-i,™-,-; m,nez+. 

j=0 

Thus the topology Ti is stronger than T^. In fact, these topologies are equivalent since the 
hnear span of the functional {^m-j,n-j}™o*^™'"'* coincides with that of {^m-j,n-j}j^o''™'"^- 
The equivalence of 7^ and follows from the relations Ij^k = {q^^', 5'"^)max(oj-fc)^fc_o mind k)- 
□ 

We denote the completion of the Hausdorff topological vector space Pol(C)^ by D(U)'q 
and call it the space of distributions in the quantum disc. D{U)'^ may be identified 
with the space of formal series of the form (j2.2p whose coefficients ipj{y) are defined 
in The linear functionals lm,n are extendable by continuity onto the topological 

vector space D{U)'q. Associate to each distribution / G D{U)'q the infinite matrix T(/) = 

{J"m,n^fy)m,n(i'L+ ■ 

A distribution / G 0(11)^ is said to be finite if k) \ ipj{q^^) 7^ 0} < oo. Evidently, 
a distribution / is finite iff the matrix T(/) has only finitely many non-zero entries. The 
vector space of finite functions in the quantum disc is denoted by D{U)q. There exists a 
non- degenerate pairing 

D{U)'^ X D{U), ^ C; /i X /2 tTT{h)T{h). 

The extension by continuity procedure allows one to equip D{U)q with a structure of 
*-algebra, and D{U)'q with a structure of D(f/)5-bimodule. 

Consider the algebra Pol(C)°^ derived from Pol(C)g via a replacement of the multipli- 
cation law by the opposite one. The elements z eg) 1, 2;*®!, Icgz, of Pol(C)°^®Pol(C)g 
are denoted respectively by z, z* , (, (*. To avoid confusion in the notation, we use braces 
to denote the multiphcation in Po1(C)°p ® Pol(C)g, e.g. {zz*} = q^{z*z} + 1 - g^. The 
module H"^ over Pol(C)°^ is defined by its generator Vq^ and the relation zvq^ = 0. Apply 
the above argument to Po1(C)°p ® Pol (C)^- module H°p ^ H in order to introduce the 
algebra D{U x U)g of finite functions in the Cartesian product of quantum discs, together 
with D{U X [/)g-bimodule D{U x Uy^. 

The reason for replacement the multiplication law in Pol(C)q by the opposite one is 
cleared in [HI |21 123 • 

The linear functional 

= (1 - q') J2 Mq'ni''^, f e D{U),, 

is called the (normalized) Lebesgue integral in the quantum disc, since under the formal 

passage to the limit as g ^ 1 one has — ^ - / / fdlmz ■ dRez. 

u 

Let K E D{U X t/)^; the integral operator / id ® ® /)) with kernel K maps 

D{U)q into D{Uyq. We are interested in solving an inverse problem which is in finding 
out the explicit formulae for kernels K E D{U x [/)^ of well known linear operators. In 
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this field, an analogue of the Bergman kernel for the quantum disc was obtained in the 
work of S. Klimek and A. Lesniewski [TB] : 

Finally, equip H with the structure of a pre-Hilbert space by setting 
{z^vo, z"^Vo) = 5jm{q^] q^)m] j, m G Z+. 

It is easy to show that T{z*) = T{z)*, I — T{z)T{z*) > 0. Thus we get a *-representation 
of Pol(C)g in the completion H of H (see [12] )• 

3 Differential forms and 9-problem 

Let Qq{C) stand for the involutive algebra determined by its generators z, dz and the 
relations 

1 — z* ■ z = q^{l — z ■ z*)^ dz ■ z* = q~'^z* ■ dz, dz ■ z = q^z ■ dz, 
dz ■ dz* = —q~'^dz* ■ dz, dz ■ dz = 0. 

(Also, an application of the involution * to the above yields 

dz* ■ dz* = 0, dz* ■ z = q^z ■ dz* , dz* ■ z* = q~'^z* ■ dz*.) 

Equip ^q{C) with the grading as follows: 

deg z = deg z* = 0, deg dz = deg dz* = 1. 

There exists a unique linear map d : fiq(C) ^^g(C) such that 

d : z dz, d : z* \—>- dz*, d : dz ^ 0, d : dz* \—>- 0, 

and 

d{u' ■ u") = duo' ■ uj" + . u'du"; J, J e QqiC). 

Evidently, d'^ = 0, and (du)* = du* for all u G Vtq{C). 

Turn to a construction of operators d, d. For that, we need a bigrading in Vtq{G): 

deg ^ = deg 2* = (0,0); deg (rf^) = (1, 0); deg (c/^*) = (0, 1). 

Now d has a degree 1 and admits a unique decomposition into a sum d = d + d oi 
operators d, d with bidegrees respectively (1,0) and (0,1). A standard argument allows 

one to deduce from c?^ = that = d = dd + dd = 0. It is also easy to show that 
{du)* = du;* for all u G fig(C). 

Each element u G ^q{C) is uniquely decomposable into a sum 

^ = foo + dz /lo + foidz* + dz fudz*, fij G Pol(C)g, i,j = 0, 1. 

Equip i^g(C) with a topology corresponding to this decomposition: 

Qg{C) - P0l(C)g © POI(C), © P0l(C)g © Pol(C)g. 

Pass as above via a completion procedure from Pol(C)g to the space of distributions 
Dijjy^ and then to the space of finite functions to obtain the bigraded algebra VL{U)q. 
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The operators d, d, d are transferred by continuity from Qq{C) onto the algebra Q{U)q of 
differential forms with finite coefficients in the quantum disc. 

The subsequent constructions involve essentially q-analogues of type (0,*) differential 
forms with coefficients in sections of holomorphic bundles. The latter carry a structure 
of bimodules over algebras of type (0,*) differential forms as above. Remind the notion 
of a differentiation for such a bimodule. 

Let O be a Z+-graded algebra and M a Z+-graded fi-bimodule. A degree 1 operator is 
said to be a differentiation if for all m G M, uj & Q one has d{muj) = {dm)uj + {—l)'^'^^"^m ■ 
duj, d{ujm) = (duj) ■ m + {—lY'^^'^uj ■ dm. 

Let A G C. Consider the graded bimodule over fi(C)f *^ = f](C)S°'°^ + fi(C)S°'^^ 
determined by its generator v\ with deg(f a) = and the relations 



z ■ V\ = q V\ ■ z, z* ■ Vx = q Vx ■ z* , dz* ■ Vx = q Vx ■ dz*. 

Denote this graded bimodule by ^1{C)^^^'*\ It possesses a unique degree 1 differentiation 
d such that dvx = 0. Pass (via an extension by continuity) from polynomial coefficients 
to finite ones to obtain the graded bimodule fl{U)^^'*^ over Q{U)^g'*\ together with its 
differentiation d. 

We restrict ourselves to the case A G M and equip the spaces Q{U)^^'^\ Q{U)f'^^ with 
the scalar products 

{fi-vxj2-vx) = j f;h{l-zz*f'H^i, (3.1) 



u, 



9 



{hvxdz\ f2Vxdz*) = J f;h{l-zz*)^dfi. (3.2) 

The completions of the pre-Hilbert spaces Q.{U)f'^^ and ^l{U)f'^^ can be used in the 
formulation of 9-problem. Specifically, we mean finding a solution of the equation du = f 
in the orthogonal complement to the kernel of d. In the classical case {q = 1) such a 
formulation is standard i2^, and the solution is very well known. If A stand for a real 
number and A > 1 than one has 

«(^) = W- (\^) fiOdC A dC (3.3) 



27ri i z-C \ l-(z 
u 

()3.3|) implies the "Cauchy-Green formula": 



u{z) = f ^ ^^D^uiQdC A dC+ 

^ ^ 2m J (1 -C^)^ 



u 



'^-l^l't' gSdCAdC (3.4) 



U 



Our purpose is to obtain the q-analogues of ()3.3j) . ()3.4|1 for A = 2. 

The standard way of solving the 5-problem is to solve first the Poisson equation duj = f 
with □ = —d d. In the case A = 2 the kernel in ()3.3p is derived by a differentiation in z 
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of the Green function 



G(^,C) = -ln(|^-CP)--ln(|l-zCP)- 

TT TT 



(3.5) 



In its turn, ()3.5|) can be obtained by the d'Alembert method: the first term is contributed 
by a real source, and the second one is coming from an imaginary source. 

Note that the differential calculus for the quantum disc we use here is well known (see, 
for example, 24j). Its generalization onto the case of an arbitrary bounded symmetric 
domain was obtained in via an application of a quantum analogue of the Harish- 
Chandra embedding [TT]. 



4 Green function for Poisson equation 

With q = 1 the measure du = {1 — \z\'^)^'^dfi is invariant with respect to the Mobius 
transformations. In the case q G (0,1) impose an "invariant integral" u : D{U)q —->■ C, 
f ^ J fdv by setting 



The Hilbert spaces L^{dh')q, L'^{dfi)q are defined as completions of the vector spaces 
D{U)q = Q{U)f'^\ Q{U)f'^^ with respect to the norms 

\ 1/2 / \ 1/2 



rfdu 



, \\fdz*\ 



J 



J 



Proofs of the following statements are to be found in |12, Proposition 5.7,Corollary 
5.8], [19, Corollary 4.2]. 



Lemma 4.1 There exist < Ci < C2 such that 

Ci < d*d < C2. 



(4.1) 



Proposition 4.2 The exact estimates for d d are of the form 

<d d< 



a + q) 



{i-qy 



(4.2) 



The inequalities 1)4.11) allow one to extend by continuity the operators d, D = —d d 
from the dense subspace of finite functions D{U)q onto the entire L'^{dv)q. They also 
imply that for any / G L'^{dv)q there exists a unique solution u of Poisson equation 
Uu = f. Now it follows from (glj) that < (1 + g)^' 

One obtains easily from the definitions 



Lemma 4.3 The series 

^ z*x%{y,v>C 



*3 



y=l- z*z, r]=l-(C 



converges in D{Ux U)' for any family {ipijly, ?7)}j,jGZ+ of functions defined on x q™^ 
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Corollary 4.4 For all m > there exists a well defined generalized kernel 

Gm = { ((1 - cc)(i - zxrT ((1 - - <rT} ■ (4-3) 

To state the principal result of the section, we need an expansion of the Green function 
(HSl): 



|1-jC|2 V |l-zCI' J 



OO 

-E- 



(i-kr)(i-ICP) 



2\ \ 



, m \ |1 - zCl"^ 

m=l ^ I 'I 

Evidently, a formal passage to a limit yields 

A proof of the following result one can find in jTHI Theorem 1.2]. 
Theorem 4.5 The continuous operator D"^ in L'^{dv)q coincides on the dense linear 
subspace D{U)q C L'^{dh')q with the integral operator whose kernel isG = — ^ q-2n^\ Gm-' 



m=l 



□-V = j G{z,0f{0du. 



Here Gm G DiU x f/)'^ zs ^zwen 6?/ JT^ . 

Note in conclusion that the operators 9, (9, □ admit an extension by continuity onto 
the space D{U)'q of distributions in the quantum disc. 

5 The Cauchy-Green formula 

One can use the differentials d : — >■ d : Q^q''^'' — > Q^q'^"^ to define the partial 

derivatives Specifically, we set up df = dz ■ = ^^g^dz, df = 

'^'^* ■ "al* ~ ~dz*'^^*- ^^^y show that these operators admit extensions by continuity 
from b{U)q onto D{Uyq. 

Let / G D{U)q. Define the integral of the (l,l)-form dz ■ f ■ dz* over the quantum disc 
by J dz ■ f ■ dz* = —2iTi J fd^. 

A proof of the following proposition can be found in fOl Theorem2.1]. 

Proposition 5.1 Let f e D{U)q. Then 

1. There exists a unique solution u G L'^{dfi)q of the d-prohlem du = f, which is 
orthogonal to the kernel of d. 

^- ^ 2^ / dC^G{zX)fdC, with G G D{U x [/)^ being the Green function of the 
Poisson equation. 
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6 Eigenfunctions of the operator □ 

Let C[9f/]g stand for the algebra of finite sums of the form 



^ame'"^^, 9eR/2nZ (6.1) 



with complex coefficients. The C[dU]q-modnle of formal series of the form ()6.1|) is denoted 
by C[[5?7]]g. We also denote the algebra of finite sums like ()6.H) with coefficients from 
D{U)q by D{U X dU)q, and the module of formal series ()6.1|) with coefficients from D{U)'q 
by D{U X dUy^. This vector space will be equipped by the topology of coefficientwise 
convergence. 

The use of the index q in the notation for the above vector spaces is justified by the fact 
that, as one can show, they are in fact modules over the quantum universal enveloping 
algebra. 

Recall the notations ITU] : 



With g = 1, the integral 



dU 



1 - \z\' „ de 



uiz) = / ^ fiOdT^. du 



represents an eigenfunction of □ (see [12]): 

Du = \{l)u, = [1 + 



iV 1 



2 / 4 

i-l^l 

element e D{U x dU)q 



With q G (0, 1), the power of the Poisson kernel P = | '^j^ is replaced by the 



= (1 - z^*)^(zC; g')-7 ■ (9'^*C; q')-T (6.2) 

Here (-zC*; Q'^)-7, (Q'^-2^*Cj Q'^)-7 are the g-analogues of the powers — — 
and the g-binomial theorem (see ^Uj) implies 

The following proposition is proved in Theorem 3.1]. 
Proposition 6.1 For all f E C[dU]q the element 

/df) 
P,_,,{z,e'')f{e'')- (6.3) 

dU 
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of D{U)' is an eigenvector o/D; 



2l+2\ 



We need the following standard notation f|lUj): 



tti, 02, • • • , fl-rj Q] Z 
bi,...,bs 



E 



(ai; q)n ■ (02; q)n - ■■■■ {ar] q)n 
{pi]q)n ■ (&2;g)n ■ • • • ■ (6.;g)„(g; g), 



n(n — 1) 



■ z ' 



Corollary 6.2 fc/. '^22]). The series 

ipi{y) = 3<l>2 



y ^,q g^; 



converges in D{Uy^, and its sum is an eigenfunction o/D; \3ipi = X{l)(fi. 

Proof. The convergence of the series is due to the fact that it breaks for each y & q^ 
So it suffices to establish the relation 

dU 

It follows from the definitions that the above integral equals to 



E 



(„2l+2. 2\2 

yq iV )n ^~2{2l+l)n„,l+l 

{q^;q^)l 



-q 



■2+21 2+21 -1 2 -2(2Z+1) ■ 



Now it remains to apply the identity (see [TU]): 



2 ' c 

1-n 



3^2 



q 



bzq 



.q,q 







□ 



with q being replaced by g^, y by g^", b by g^'^^, z by g and c by ^^+2' 

Note that is a g- analogue of a spherical function on a hyperbolic plane (see [H]). 

For each / G C a linear operator has been constructed from C[dU]q into the eigenspace 
of □, associated to the eigenvalue A(/). Now we try to invert this linear operator. 

For that, we need a g-analogue of the operator br : f{z) ^ f{re'^^) which restricts the 
function in the disc onto the circle \z\ = r of radius r G (0, 1). Let r > 0, 1 — G g^^+. 
Define a linear operator br : D{U)'q C[[dU]]q by 



br-.^z^ ■ tpjiy) + tpoiy) + ^^-j{y) 



y*3 



j>0 



j>0 



re 



i>o 



i>o 
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(It is implicit that the functions i'jiy), j G Z, vanish at y ^ g^^ 
Recall the definition of the g-gamma-function ([10 ): 



r,(x) 



l-x 



One may assume without loss of generality that 

TT 



< Im / < 



1 



, , , , , Re Z > 
21n(g-i)' - 2 



Proposition 6.3 Let Re / > — |, and u E D{U)g is an eigenfunction o/D given by \6. !^) . 
Then in 'C[dU]q one has 



f 



r;.(/ + i) 
r,2(2/ + i) i_,2g;^ 



lim 



:i - r^YbrU 



The proof of this proposition is based on the following result which was communicated 
to the authors by L. I. Korogodsky: 



Lemma 6.4 
!)• 

z/Re/ > -i. 



lim 09; I — 

^ -22, ^ ' " 

xSq +,2;— >oo 



r,2(2/ + i) , 



-X 



2). 



lim 



x&q 



z/Re/ < -i. 

Proof. It follows from the relation (pi{y) = ip-i-i{y) that one may restrict oneself to 
the case Re I > — |. An application of the identity fpUj) 



2*1 



q '',b;q;z 



(c; q)n 



q;q 



bq^ 



with q, b, c, z being replaced respectively by g^, q q g^'"*"^, yields 



2n\ 



-2/-2n. 2\ 
1 g 



■ 2$1 



v-2«-2n 



.-2„i 



2(i+l) 2\ 



(g2; g2 



■ 1 



21. 2. 2(/+l)l 



$o[g '';g';g 



20+1) 2\ 



(g2;g^)oo (g^^^m). ^2)^- 
Now it remains to refer to the definition of the g-gamma-function. □ 

In the special case / = 1 proposition Ifi.HI follows from lemma l(i.4[ The general case 
reduces to the above special case via an application of a quantum symmetry argument, 
which is described in jl9| Theorem 3.7]. 
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7 Fourier transform 

It follows from the definitions tfiat tfie integral operator with kernel K = Yl^i ^ K 

i 

is conjugate to the integral operator with the kernel = ^k'* ® k'l* . Note that the 

i 

conjugate to the unitary is an inverse operator. 

Recall ^2] the heuristic argument that leads to the Fourier transform. Proposition 16. II 
allows one to obtain eigenfunctions of □. It is natural to expect that "any" function u 
admits a decomposition in eigenfunctions of □, and that the associated Fourier operator 
is unitary. 

Impose the notations: h = — 21ng, 



= (gVC;g')-,«*;g^)-,(l-CCT, 
c(0 = r,.(2/ + l)/(r,.(/ + l))2. 

It is shown in [121 section 5] that, just as in the standard representation theory (see 
[12]), one has 

Proposition 7.1 Consider the Borel measure da on [0, |], given by 
The integral operators 

u{z) ^ I Pt^^^izXHOdu, 



Tr/h 2n 






are extendable by continuity from the dense linear subspaces 

D{U\ C L\du\, C°°[0, ^] ® C[dU], C L\da) ® L^A 

up to mutually inverse unitaries F, F^^ . 

Remark. The function c(/), the measure da{p) and the operator F are the quantum 
analogues for c-function of Harish-Chandra, Plancherel measure and Fourier transform 
respectively (see P^). 

8 The Berezin deformation of the quantum disc 

We are going to use in the sequel bilinear operators L : D{U)q x D{U)q — > D{U)q of the 
form 

L:h^h^ E^a... (^(1^) /ij z*^z' ((|^) h) , (8.1) 
with aijkm £ C. Such operators will be called g-bidifferential. 
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Our principal purpose is to construct the formal deformation of the multiplication law 
in D(U)q. The new multiplication is to be a bilinear map 

*:D{U\^D{U\^D{U)Ml 

oo 

*:/ix/2^/i-/2 + 5^fa(/i,/2), 

i=l 

which satisfies the formal associativity condition 

i+k=m i+k—m 

(cf. Pl]). When producing the new multiplication *, we follow F. Berezin |^. The bilinear 
operators Cj : D{U)q x D{U)q D{U)q, j G N, will turn out to be g-bidifferential, and 
we shall give explicit formulae for them. 

To begin with, choose a positive a and consider a linear functional Ua '■ Pol(C)g C; 

/"I 4ci /* 

fdu^ =^ ■ J f-i^- zz*f^+'dv = (1 - g^")trT(/ • (1 - z^*)^"). 

( V' 

Impose a norm ||/||q = / f* fdua ) on Pol(C)g. Let L^^ stand for the completion 
of Pol(C)g with respect to the above norm, and H'^^ linear span of monomials 

Lemma 8.1 The monomials {-2™}mgz+ o-f^ pairwise orthogonal in H^^, and ||-2™||q. = 



Proof. The pairwise orthogonality of the monomials is obvious; 
z"'\\l = (1 - . trT(2*"z"(l - zz*f'^) = 



fy;q'^)m-y'^'' ^dq2y 





r,2 (2a) -1,2(771 + 1) (g2;g2) 



1 - g2 Tq2{m + 2a + l) (g4«+2; g2) 

We have used the well known [101 §1-11] identity 

1 



J Tq2[a + p) 



Corollary 8.2 Let 'z he the operator of multiplication by z in Hq^^, and z* the conjugate 
operator. Then 'z, are hounded, and 



Tz = q'zr + l-q' + ■ ^^^(1 - H*)(l - Tz). (8.2) 
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Proof follows from 



r : 1 ^ 0, T -.z"^^ f-— men. 



In fact, 



(1 - zT)-^ : 2" ^ _ q'^^)l{i _ ^^a^^m^ 

(1 - Tz)-^ : ^ ((g-'"-' - g^") /(I - 
Hence (1 = _g4a^kV._ □ 

Lemma f8. II and corollary 18 .21 were proved in the work by S. Klimek and A. Lesniewski 
on two-parameter quantization of the disc beyond the framework of perturbation 
theory. 

To every element f = ^ aijz'^z*^ G Pol(C) we associate the linear operator / 



'^aijZ^^^ in The formal deformation of the multiplication law in the algebra of 



r2 

functions in the quantum disc will be derived via an application of " Berezin quantization 
procedure" / i-^ / to the ordinary multiplication in the algebra of linear operators. 
More exactly, ()8.2|1 allows one to get a formal asymptotic expansion 

oo 

/i-/2 = A~/2 + E^'"'^'^'(7^7^)- /i,/2ePol(C)„ 

k=l 

with Ck '■ Pol(C)g X Pol(C)g Pol(C)g, k E N, bilinear maps. In this way, we get a 
formal deformation 

*: Pol(C),xPol(C),^Pol(C)J[t]]; 

oo 

fi*f2 = fi-f2 + Yl ■ /2); fu /2 e POI(C),. 

k=l 

We present an explicit formula for the multiplication *, and thus also for bilinear maps 
Ck, k eN. Let □ be a linear operator in Pol(C)°'' (S> Pol(C)g given by 

D= - (1 + q~^)z* ®z + q-^z*^ ® z^)^ ® t^, 

oz* oz 

and m : Pol(C)g x Pol(C)g Pol(C)g, m : ■ipi^ip2 ^ '^i'^2 the multiphcation in Pol(C)g. 
Theorem 8.3 For all /i, /a G Pol(C)g 

/i * /2 = (1 - t) 5^ ■ m(p,(n)/i ® 

jez+ 

with 

^ yq iV Jk ^2k T^^^ „2i/n „2\2 nil 1 „2\ , Ai+2\ 



^^■(°) = E ^h^^'" ■ 11(1 - - □ +1 + q') + 
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The proof can be found in [201 Theorem 8.4]. 
Example. For all /i,/2 e Pol(C)g 

It is worthwhile to note that the formal associativity of the multiplication * follows 
from the associativity of multiplication in the algebra of linear operators. 

Corollary 8.4 The bilinear operators Ck are of the form iS.l]) and are extendable by 
continuity up to q-bidifferential operators '■ D{U)q x D(U)q — *• D{U)q. 

The above g-bidifferential operators determine a formal deformation of the mul- 
tiplication in D{U)q. The formal associativity of the newly formed multiplication 
* : D{U)q X D{U)q D{U)q[\t\\ follows from the formal associativity of the previous 
multiphcation * : Pol(C)g x Pol(C)g Pol(C)J[t]]. 

Finally, note that our proof of theorem lH.Hl is based on the properties of some g-analogue 
for Berezin transform ^Tj . 

9 Appendix. On q-analogue of the Green formula 

Consider the two-sided ideal J G Pol(C)g generated by the element \ — zz* G Pol(C)g, and 

def 

the commutative quotient algebra C[dU]q = Pol(C)g/J. Its elements will be identified 
with the corresponding polynomials on the circle dU. The image flgu of / G Pol(C)c, 
under the canonical homomorphism Pol(C)q C[dU]q will be called a restriction of / 
onto the boundary of the quantum disc. 
Define the integral i7(C)g"^'°^ — C by 

jdz-f =^ 27ri J (z ■ f)\9udiy, f G Pol(C)g, 
du au 

with 



2-K 



dU 



Proposition 9.1 For all ip G Q{C)^q'^^ one has 

di)= I i). (9.1) 



au 



Remark. The integral j dz ■ f ■ dz* = — 2z7r J fdfi introduced in section 4 for / G 

Uq Uq 

D{U)q, is extendable by continuity onto all (l,l)-forms dz ■ f ■ dz* with 

f = J2 + My) + E ^-miy)^*"" e DiuYq, 

m>0 m>0 
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such that ^ \iJo{(f^)\(f'^ < oo. Under these assumptions one also has 

dzdz*f= [dz-f-dz*= [ fdzdz*. (9.2) 



Proof. Recall that (see (Q' 



i; = dz(Yl ^""^M + My) + E ^— (^)^*™ ) • (9-3) 

\m>0 m>0 / 

We can restrict ourselves to the case i/j = dzilj-i{y)z* , since this is the only term in (j9.3|) 
which could make a non-zero contribution to (jy.lj) . 

It follows from the definitions that dijj = dz ■ f(y)dz*, with 

f{y) = ip-i{y)-q ^ l-y- 

q y -y 



m—l 



In fact, dy = d{l—zz*) = —zdz*. Hence dy"^ = ^ y^{—zdz*)y"'~^^^ = — Y- 7 zy^-'^dz*. 

j=0 " 

That is, for any polynomial p{y) one has 



9M = -yM^Ipll.dz'. (9.4) 

y - q^y 

(Note that the validity of ()9.4|1 for polynomials already implies its validity for all distri- 
butions). Finally, 

didz^p_,iy)z*) = dz f-.^^^iM^^^ii^,* +^_,(^)^ dz*. 

V y-q y J 

On the other hand, _ ^ ^-^^^^'^-^^^'^ z* + ip^i{y) = f{y), since zy = q~'^yz, zz* = 1 — y. 
If one assumes ?/'_i(0) = 0, it is easy to show that ^ f{q^"')q^^ = 0. Hence, in this 

case / dip = J ip = 0. Thus, Proposition 19.11 is proved for all (l,0)-forms from some 

Uq dU 

linear subspace of co dimensionality 1. Now it remains to prove ()9.1|1 in the special case 
ip = dz ■ z*. □ 

Corollary 9.2 //^ G ^^(f/)^°\ then jdil) = Q. 
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1 Introduction 

The theory of quantum groups and their homogeneous spaces is in an extensive progress 
since mid-80's An important class of such homogeneous spaces is formed by q- 
analogues of Cartan domains. The simplest Cartan domain is the unit disc U in C; 
the present work is devoted to its q-analogue, the quantum disc. We intend to introduce 
the basic notions of the theory of q-Cartan domains while restricting ourselves to this 
simplest case. We hope this text could facilitate reading works on general q-Cartan do- 
mains and will allow better understanding the results of non- commutative function theory 
in quantum disc p!^. The concluding part of our work contains references to the papers 
of other authors devoted to the related topics. Among those one should emphasize the 
work by K. Schmiidgen and A. Schiiler ^2] which introduces the differential calculus in 
quantum disc which we use below. 

The next section recalls the basic notions of the quantum group theory after the lecture 
notes jiS^ and the monograph |2|. 



2 The *-Hopf algebra Uq5Ui i 

Everywhere in the sequel we assume < g < 1, and C is implicit as a ground field. 
The algebras under consideration are supposed to be unital, unless the contrary is stated 
explicitly. 

Recall the definition of the Hopf algebra UqSl2. It is determined by its generators E, 
F, K, and the following relations: 



KK^^ = K^^K = 1, 
q-q 

A f/gS[2-module V is said to be Z- weight if 

y = ®V^, V^ = {vCL V\ = q^'^v}. 

We restrict our considerations to [/gS[2-modules of the above form and define a linear 
operator H hj H\y = fi. Obviously, K^^v = q^^v, v E V, and the following relations 



This is an expanded version of a lecture delivered at a seminar for undergraduate students in Kharkov, April 
2000. 
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are valid in the algebra of linear operators: 

HE-EH = 2E, HF-FH = -2F, 

H _ -H 

EF-FE^- 

q-q 

A formal passage to a limit as g — > 1 leads to the determining relations of the ordinary 
universal enveloping algebra Usl2- 

Within the category of modules over an algebra A, the operation of tensor product 
is not defined; it is also not clear which A-modulc is to be treated as trivial and how to 
define an A-module V* dual to an A-modulc V. These three problems are solvable via 
equipping A with the structure of Hopf algebra. Specifically, one has to distinguish 

• a homomorphism A : A ^ A ® A, called a comultiplication and used for producing 
a tensor product of 74-modules V, V": 

A^A®A^ End(V') O End(V") ~ End{V' ® V"); 

• a homomorphism £ : ^4 — > C, called a counit, to be used for producing the trivial 
74-module C; 

• an antihomomorphism S : A ^ A, called an antipode, to be used for producing a 
dual 74-module: 

miv)"^ fiSiOv), CeA, veV, feV*. 

Of course, the definition of a Hopf algebra includes several assumptions on (^4, A,£,S) 
which provide the habitual properties of the operations of tensor product and passage to 
a dual module. 

Introduce a comultiplication A : UqSl2 UqSl2 <8) UqSl2, a counit e : UqSl2 — >■ C, and 
an antipode S : UqSl2 Uq5l2 as follows: 

A{E) = E01 + K®E, A{F) = F ^ K-^ + l(g) E, A{K^^) = K^^ ® K^^ ; 
e{E) = e{F) = 0, e{K^') = 1; 

S{E) = -K-^E, S{F) = -FK, S{K^^) = 

Equip UqSl2 with an antilinear involution * : UqSl2 — > UqSl2 given by 

E* = -KF, F* = -EK-\ K* = K. 

It follows from the definitions that 

A(r) = A(0*®*, e e Uqsl2. 

The *-Hopf-algebra {UqSl2, *) we thus obtain will be denoted by UgSUi^i. It is a q-analogue 
of the *-Hopf-algebra UsUi^i <Sir C. A C/g5Ui^i-module V is said to be unitarizable if for 
some scalar product (i.e. positive sesquilinear form) in V 

i^Vi, V2) = (Vi, CV2), ^ e UqSUi^i, Vi,V2e V. 

Obviously, a tensor product of unitarizable ^/^sui^i-modules is a unitarizable UqSUi^i- 
module. 
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3 Examples of i/^sb-module algebras: C[z]q, Aq, Ai^q 

Consider a [/gS[2-module V and its element v. This element is called C/gS[2-invariant if the 
linear map C ^ V , z ^ zv, is a morphism of C/g5l2-modules (equivalently, Ev — Fv — 
Hv = 0). 

Consider an algebra JF and a linear map m : T®T T : ^ /1/2 determined 

by the multiplication law in T: f\f2- ^ is called a ?7gS[2-niodule algebra if it 

is equipped with a structure of C/qS(2-niodule and the multiplication m:^®^— >^isa 
morphism of C/55(2-niodules (equivalently, the following q-analogue of the Leibnitz rule is 
valid: 

E{hh) = {Ef,)f, + {q^h)(Ef,), 

F{hh) = {Fh){q-"h) + h{Fh). 
H{hh) = {Hh)h + h{Hh)). 

Under the presence of the unit element 1 G ^ there is an additional requirement of its 
^75S[2-invariance: El — Fl — HI — 0. 

In a similar way, the notion of t/gSt^^-module coalgebra is introduced, with UqS\°2 
being the Hopf algebra deduced from Uq5[2 via replacing its comultiplication A with the 

opposite one A°p (if A(0 = T.i'j® i'j then A°p(0 = ECj i'j)- 

3 3 
An important example of a [/gS[2''-niodulc coalgebra is built from the Vcrma module 
of zero weight M(0). This module is determined by its generator f (0) G M(0) and the 
relations Ev{Q) = 0, ii'^^v(O) = f (0). Obviously, there exists a unique morphism of 
t/gS[2^-modules 5 : M(0) M(0) ® M(0) such that 5v{0) = ^(0) ® v{0). Coassociativity 
of this comultiplication follows from 

{{v{0) (g) v{0)) (g) v{0) = v{0) (g) (v(0) (g ^;(0)). 

Note that the vector spaces M(0), M(0) (g) M(0) are graded: 

M(0) = 0M(O)j, M{Q)j = {ve M(0)| Hv = 2jv}, 
3 

(M(0) ® M{0))j = M{0)i ® M(0)fc, 

i+k=j 

and that the comultiplication preserves the degree of homogeneity: 

A : M(0)j (M(0) ® M{0))j, 

with M(0)o = Cv{0). That is why the dual graded vector space M(0)* 0(M(O)j)* 

is a unital Z-graded algebra. By a construction, Af(0) is a f/qS[2''-niodule coalgebra and 
M(0)* is a [/qSl2-module algebra. We are going to describe it by explicit formulae. 

The elements v{0), S{F)v{0), S{F'^)v{0), . . . , form a basis of the vector space M(0). 
Hence there exists a unique element z G M(0)* such that 

ziSiF^viO)) = If'' { ^ I' 
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It is easy to prove that the algebra M(0)* is isomorphic to C[z] and 

Fz = q^''^, Ez = -q^/^z^, K^^z = q^^z. (3.1) 

Thus we have equipped the polynomial algebra C[z] with a structure of ?7g5[2-module 
algebra, to be denoted 'C[z]g in the sequel. 

Turn to producing a differential calculus on Cf^jg. A duality argument like that we 
used to derive C[z]q allows one to produce a differential f/gS[2-module algebra (Ag, d). In 
this setting, the embeddings C[z]q ^ Ag and the differential d : Ag Ag are morphisms 
of f/gS[2-modules. One can also prove that 

dz ■ dz = 0, dz ■ z = q^z ■ dz. 

See for details. Note that this differential calculus is well known and can be 
derived from the Wess-Zumino differential calculus on the quantum (^1^2 = Q'^2^i) via 
the localization procedure z = t^^ti and further restriction onto the subalgebra of zero 
homogeneity degree elements. 

To conclude, describe one more [/gS[2-niodule algebra, which is a q-analogue of the 
Weyl algebra Ai. 

Consider the linear operator — in C[z]g given by df = dz ■ ^^/^' / ^ It is 

easy to demonstrate that 

^■z-q~'z.^ = l, (3.2) 
dz dz 

with ^ being the left multiplication operator hj z {'z : f ^ zf) in C[2;]g. The algebra 

determined by the two generators — and ^ and the above relations is called the quantum 

dz 

Weyl algebra (q-oscillatory algebra) Ai g. Our purpose is to equip it with a structure of a 
[/gS[2-module algebra. We use the fact that the algebra Endc(C[2;]g) of all linear operators 
in C[z]g is f/gSl2-niodule: 

aT) = J2^rT-s{e;) for A(o = 5^e;®e;'. 

We are to prove that the image of Ai^g under the canonical embedding into Endc(C[z]g) 
appears to be a submodule of the [/gSl2-niodule Endc(C[2;]g). This is a consequence of 
the following relations which describe the action of the generators E, F, K^^ on the 

^ d 
generators z, — : 
dz 

E{z) = -q^'^z\ F{z) = q^/\ K^\z) = q^% 

We restrict ourselves to proving the most intricate of these relations. It follows from the 
definitions that 

df{z) _ f{q~'z) - f{z) _ _uo,m^n^ 

7 ~ _9 1 ^ J \Z) — q z , 

dz q '^z — z z — q-^z 

q^'^z — z 
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Therefore, 



It follows from the definition of E ( —] that 

\dzj 



^ I d \ ^ d d . ^ d o d ^ 

^il-)=^l-- K-^K-^E = E—- q-'-^E, 
dz J dz dz dz dz 



hence 



E ( 4:) m = -77^^(1 - ^'')ifi^-'^) - /(-)) = 9-^1 + q-')^^^"^ 



dz J {q ^ — 1)^ dz 

It follows from the above observations that Ai^g is a [/gS[2-module algebra and the action 
of UqSi2 in Ai^q is given by 



4 The ?7qSUi,i-module algebras Pol(C)q, X>(U)q 

Consider a f/gS[2-module algebra F with an involution *. F is called a f/^sui^i-module 
algebra if the involutions agree: 

We present below examples of such algebras. 
Note first that 

{S{E)y = q-^F, {S{F)y = q^E, {S{K^^))* = 

Equip the vector space Pol(C)g = €-[z\q ® ^[z*]q with an involution: {f2{z) ® f2{z*))* = 
f2{z) ® fi{z*), where bar denotes complex conjugation for the coefficients of polynomials. 
The involutions in Pol(C)g and UqSUi^i agree in the above sense. What remains is to 
equip Pol(C)g with a multiplication m : Pol(C)g ® Pol(C)g Pol(C)q which agree with 
the action of UqSl2 and the involution * in Pol(C)q. It was demonstrated in ^H] that such 
multiplication can be derived from the morphism of f/gS[2-niodules 

R : C[z*]q ® C[z]q C[z]q ® C[z% 

determined by the action of the universal R-matrix in C[z*]g (8> 'C[z]q and a subsequent 
ordinary flip of tensor multiples. More precisely, m = m+ (g) m_(id (8> ® id), with m± 
being the multiplications in C[z]q and C[2;*]g, respectively. 

To describe the action of the universal R-matrix one has well known Drinfeld's formulae 

R = exp^2((g-i - q)E ® 

oo / " 

with exp,(x) = E n ((1 - - t)) 

n=l \j=l 
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An application of this relation allows one to prove (see ^Hl) that 

z*z = q^zz* + 1 - (4.1) 

Furthermore, Pol(C)q can be determined by the generators z, z* and the relation (j4.ip . 
and the action of E, F, K^^ on z, z* can be given by (j3.ip . 

We need a positive invariant integral in the quantum disc. The problem is that in the 
classical case (g = 1) the positive S'?7i,i-invariant measure in the unit disc such integral 
is not defined on the polynomial algebra since 



To produce an invariant integral, one uses an extension Fun(I[J)g of the [/gSUi^i-module 
*-algebra Pol(C)g, derived by adding an element /o with the following properties: 

z7o = 0, /oz = 0, /2 = /o. (4.2) 

The involution is extended from Pol(C)g onto Fun(I[J)g in such a way that /o becomes a 
self adjoint element: /o = /o- 

To motivate this definition, let us consider a faithful irreducible *-representation T of 
the *-algebra Pol(C)g. Such ^-representation is unique up to a unitary equivalence. In 
the standard basis {cfej^Q of the Hilbert space /^(Zi+) it can be given by 

T(z)efc= (l-g^C^+i))^/^,^,, T{z*)e, 

It follows from the definition of the *-algebra Fun(I[J)q that T is extendable up to a *- 
representation T of Fun(U)g and T(/o) appears to be an orthogonal projection onto the 
'vacuum subspace' Ccq. 

Note that the system of equation z* = 0, foz = has a solution in the space of 

formal series ^^(U)' 




1 oo 




J2 CjkZ^Z*'' 


Cjk G cj 


[ j,k=0 





f ^ V y ^) (1 *k 



k=0 



We thus obtain an embedding of vector spaces Fun(I[J)g C ^'(U)^. The vector space 
ViVy^ with the coefficientwise convergence topology will be called the distribution space 
in the quantum disc. One can demonstrate that the involution and the UqSl2-a.ction are 
extendable by a continuity from Pol(C)q onto T>{lJ)'q and thus equip Fun(U)g with a 
structure of f/^sui^i-module algebra. The action of E, F, K^^ onto /o is described by the 
explicit formulae: 



1/2 1/2 

1 — g ^ — 1 



The two-sided ideal 'D(l])q = Fun(U)g/oFun(I[J)q works as an algebra of finite functions in 
the quantum disc. Note that there exists a non-degenerate pairing of 'D(JJ)q and ^'(U)^. 
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Of course, the subalgebra 'D(lJ)g is a [/gSUi i -module algebra. It is just the domain 
where a positive t/5S[2-invariant integral is to be defined. 

Consider the linear span C C of the standard basis {e^j^Q together with a 

linear operator F in £, 

Tcfe = q-^'^Ck, k G Z+. 

The linear functional 

I /rfz/'='(l-g2)Tr(f(/)r) 

Vg 

is well defined on V(lJ)q; it is positive and f/qS[2-invariant (more precisely, 

j f*fdu > for / ^ 0, and 

j {U)dp = 5(0 j fdu, f e P(U)„ C e Uqsk). 

Vg Vg 

Note finally an outward similarity of the above invariant integral in V{lJ)q and the 
well known in the quantum group theory invariant integral tr^ : Endc(^) C, with V 
being a [/gS[2-module. This similarity is due to the fact that T>{lJ)q is embedable into a 
one-parameter family of f/gSUi^i-module algebras EndcVj as a limit object. In turn, the 
origin of the new deformation parameter t is in the Berezin quantization |I14| . 



5 Differential calculi on Pol(C)q, Fun(U)q 

A universal R-matrix was used in the previous section to pass from the [/qS[2-module 
algebra C[z]q to the f/gSUi^i-module algebra Pol(C)g. A similar construction described 
in jini allows one to pass from the ?7qS[2-module algebra (A^, d) as in section 3 to the 
f/qSUi_i-module differential algebra described below. 

Let Qq be the algebra determined by the generators z, z*, dz, dz* and the relations 



z z 



q^zz* + 1 
dz ■ z = q^z ■ dz, 
dz ■ z* = q~'^z* ■ dz, 
dz ■ dz = dz* ■ dz* = 



q-^z* ■ dz* 



dz* ■ z 
dz* ■ z = q^z ■ dz*, 
dz* ■ dz = —q^dz ■ dz* . 



Equip this algebra with an involution * : z \^ z*; * : dz ^ dz* and a Z2-grading 
deg(2;) = deg(z*) = 0, deg{dz) = deg{dz*) = 1. There exists a unique differentiation d 
of the super algebra Qq such that d"^ = and d : z ^ dz, d : z* ^ dz*. The *-algebra 
Pol(C)g is uniquely embedable into flq. There exists a unique extension of the structure of 
UqSUi i-module algebra from Pol(C)q onto Qq in such a way that the differential d appears 
to be a morphism of t/gSUi i -modules. 

The *-algebra Fun(U)q was derived from Pol(C)q via adding the element /o which 
satisfies ()4.2j) . Besides that, one should also include to the definition of the algebra of 
differential forms the relations fo ■ dz = dz ■ fo, /o ■ dz* = dz* ■ /o; the definition of the 
differential d should also include the equality 



dfo 



1 



idzfoz* + zfodz*) 
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In [ini section 5] these relations and the latter equality were obtained via the embedding 
Fun(I[J)g C V(ljy^. Also, it was proved there that the structure of t/g5Ui^i-module algebra 
is uniquely extendable from Fun(I[J)g onto the above differential *-algebra. 

Note that, similarly to the case q = 1, one has a bigrading of the algebra of differential 
forms: 

deg(z) = deg{z*) = deg(/o) = (0, 0), deg(d^) = (1, 0), deg{dz*) = (0, 1). 
The differential d admits a decomposition 

d = d + d 

as a sum of holomorphic and antiholomorphic differentials, to be defined in the standard 
way. For example, 

dfo = --^-^dz ■ fo ■ z*, dfo = - _. ^ z- fo-dz*. 

Of course, d"^ = dd + dd = = 0. 

Define the operators ^, in Pol(C)g by 

df = dz- df = dz* ■ 

oz oz* 

and the operators z', z* hj = zf, z* f = z*f. These linear operators are extendable 
by a continuity onto the entire space of distributions '^'(U)^ and satisfies the following 
commutation relations: 

z z = q zz +1 — g, 

d ^ _2^d d ^ 

-K-z-q z— = l, —z =qz—, 

oz oz oz oz 



d ^ d d ^ 2^ d 

-z = q z— — , - — z — q z — — = 1 



9z* dz* dz* dz* 

d d 2 ^ 



q 



dz* dz dz dz* 
These commutation relations follow from 

z z = q zz +1 — g, 

dizf) = dz ■ f + zdz-— = dz \ f + q^^z-— 
^ ^ dz \ dz 

d(z*f) = z*dz% = q^dz ■ z*^, 
^ ' dz dz 

— df df 

dizf) = zdz*— = q-^dz* -z-g-^, 

d(z*f) = dz* ■ f + z* -dz* = dz* if + q^z*^ 

\ J' g^* V dz* 

df \ , ^ , d d „ , , ^ d d 



ddf = d{ dz*— j = -dz*dz-—f = q dzdz*-—f, 

ddf = d{ dz^] = -dzdz*-^^f, dd + dd = 0. 

dz I dz* dz 
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We thus obtain the algebra of differential operators in the quantum disc. An example 

d d 

of such operator is a q-analogue of the Laplace operator: (1 — zz*Y — — — . 

oz oz* 

6 Concluding notes 

The results described above constitute a background for producing non-commutative func- 
tion theory in the quantum disc [1^ . On the other hand, these results admit an extension 
onto the case of generic q-Cartan domains introduced in 

Applications to non-commutative function theory use essentially the fact that /o gen- 
erate the f/qS[2-module P(I[J)g. This allows one to reduce proofs of some relations in 
algebras of intertwining operators to their verification on /q. 

A great deal of the algebras we consider in this work were mentioned in the literature 
(sometimes in different contexts). Nevertheless, most of works on those algebras either do 
not mention presence of a [/gS[2-module structure or do not use involution and positive 
invariant integral. That is why we treat the authors of E] as our direct predecessors. 

Our approach to constructing the differential calculus is inspired by the classical result 
which establishes a duality between the covariant differential operators and morphisms of 
generalized Verma modules (see Pfl §11-1], IE!)- 

Among other works on quantum algebras, related to this text, one should mention 

laiaiiDiizi. 
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QUANTUM DISC: THE CLIFFORD ALGEBRA 
AND THE DIRAC OPERATOR 



K. Schmudgen S. Sinel'shchikov L. Vaksman 

1 Introduction 

In his non-commutative geometry A. Connes P] has developed methods and notions in 
order to define and to study "non-commutative Riemannian manifolds". A crucial role in 
this theory is played by the Dirac operators and its non-commutative analogs. 

One of the simplest (non-compact) Riemannian manifolds of a constant curvature is 
the unit disc U C C whose metric is given by 

(l — — y^) ^ dxdy 

(the Poincare model of Lobachevskian geometry). A non- commutative analogue of this 
Riemannian manifold was extensively studied recently within the framework of the quan- 
tum group theory ^5]. The aim of the present paper is to develop the Clifford algebra and 
the Dirac operator for this quantum disc. 

2 A q-ClifFord bundle 

In what follows q G (0, 1) and C is the ground field. We assume some acquaintance with 
the basics of quantum group theory [3 0] • All algebras in this section are supposed to be 
unital. 

We use the standard notation for the quantum universal enveloping algebra UqSl2, 
its generators F, K, K~^, the comultiplication A, the counit e, and the antipode 
5* 13 El- Throughout we shall use the Sweedler notation A(/) = /(i) ® /(2) instead of 
A(/) = E // ® • The *-Hopf algebra UgSUi^i = (t/^slz, *) is defined by 

i 

E* = -KF, F* = -EK-\ {K^T = 

Primarily we are interested in [/q3[2-module algebras and f/^sui^i-module *-algebras^. 
We follow |H| in starting with the *-algebra Pol(C)g with single generator z and defining 
relation 

z*z = q'^zz* + l-q'^. (2.1) 

The structure of the t/gSUi^i-module algebra used by the authors in attracted an at- 
tention about 10 years ago P|. It can be determined by 

Fz = g^/^ Ez = K^^z = q^^z. (2.2) 

This research was supported in part by of the US Civilian Research & Development Foundation (Award No 
UMl-2091) and by Swedish Academy of Sciences (project No 11293562). 

^A f/qSb-module *-algebra F is called (7qSUi,i-module algebra if the following compatibility condition on 
ivolutions is valid: 
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We follow [3 in recalling the description of a covariant differential calculus over the 
UqSUi^i-module algebra Pol(C)g which initially appeared in [7]. This is a t/gSUi i-module 
algebra fig D Pol(C)g equipped with a (super) differentiation d : Qg ^ Qg which commutes 
with an involution * and is a morphism of ?7gSUi^i-modules. 

The list of relations which determine the f/gSUi^i -module algebra Qg consists of the 
above relations determining the f/^sui i-module algebra Pol(C)g, and the additional rela- 
tions 

dz ■ z = q^z ■ dz, dz ■ z* = q~'^z* ■ dz, (2.3) 

dz-dz = 0, dz* ■ dz* = 0, (2.4) 

dz* ■ dz + q^dz ■ dz* = 0. (2.5) 

In the classical case q = 1 the passage from the algebra of exterior differential forms 
with polynomial coefficients to the algebra of polynomial sections of the Clifford bundle 
(associated to an invariant metric) reduces to a replacement of the relations 

, dzdz + dzdz 
dzdz + dzdz = -vv- —- . ^ = 



\z 



2\2 



and 

, , , , /.I i9x9 / dzdz + dzdz 
dzdz + dzdz = (1 - \z\ ) \ 



(1- |;z|2)2 

A similar argument for q G (0, 1) leads to the following definition of the 'algebra of 
polynomial sections' of a q-Clifford bundle. 

Definition. Let Clg denote the *-algebra with generators z, dz and determining 
relations (jTH), (Q, (Q, and 

dz* ■ dz + q'^dz- dz* = {I- zz*Y. (2.6) 

We equip Clg with the standard filtration given by deg(z) = deg(z*) = 0, deg{dz) = 
deg{dz*) = 1. 

It follows from the definition of Clg that, just as in the classical case q = 1, one has 

Proposition 2.1 The graded algebra of Clg associated to its standard filtration is iso- 
morphic to Qg. 

Consider the UqSl2-module subalgebras 

n[*''^ = {f + dz-g\f,gePoliC)g}cng, 
= {f + 9-dz*\f,ge Pol(C) J C Qg. 

As a consequence of the definition of Clg one has 

^(*,o) ^ Qi^^ ^(0,*) ^ (2.7) 



Proposition 2.2 There exists a unique structure of UgSUi^i-module algebra in Clg such 
that the embeddings \2. 7| ) appear to be morphisms of UgSl2-modules. 
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Proof. The only non-trivial statement here is about the existence of a structure 
of [/gS[2-module algebra in C\g such that the embeddings (j2.7p are morphisms of UgSl2- 
modules. 

Consider the *-algebra with generators z, dz and determining relations (|2.H) . (j2.3p . 
()2.4|) . JF is a t/gSUi^i -module algebra, and the canonical homomorphism J-" —> fig is a 
morphism of f/gSUi_i-module algebras. One has to prove that the two-sided ideal J of JF 
generated by dz* ■ dz + q^dz ■ dz* — (1 — zz*)"^, is a submodule of the f/gSUi,i-module JF. 
Obviously, K^^J C J, one needs only to prove that EJ C J, FJ C J. The proofs of 
these inclusions are similar. We restrict ourselves to demonstrating the first of them. It 
follows from the following statement. 



Lemma 2.3 

i) E{dzdz*) = _^ ^^^^^^^^ 

a) E{dz*dz) = -gV2 (i + 

ZZzj E ((1 - = -gl/2 (1 + ^2) _ ^^*)2^ 

Proof of lemma EISl 

i) E{dzdz*) = {Edz)dz* = d{Ez)dz* = d{-q^''^ z'^)dz* = -q^/^{dz ■ z + z- dz)dz* = 

= (l + g^) zdzdz*. 

ii) E{dz*dz) = {Kdz*){Edz) = q-'^dz* {-q^'^ (l + q^) zdz) = -g^/^ (l + g^) zdz*dz. 
iii; Note first that Ez* = g-3/2_ (in fact, (Fz)* = {S{F))*z*. Hence g^/^ ^ ^-FKfz* = 

-K* {-EK~^) z* = q^Ez*). Furthermore, 

E{1 - zz*) = q^'^zz* - q^zq-^/^ = -q^/^z{l - zz*). 

Finally, 

E ((1 - zz*)^) = -q^'^z{l~zz*)^-q^'^{l-zz*)z{l-zz*) = -q^'^ (l + q^) z{l-zz*f. □ 

Remark. Propositions 12.11 and 12.21 suggest that an invariant Riemannian metric in 
the quantum disc should be defined by an expession of the form 

(1 - zz*)-'^{dz* ®dz + q^dz ® dz*). (2.8) 

To begin with, consider the multiplicative closed subset (1 — zz*)^ C Pol(C)g C Vtq. 
It follows from the relations 

(1 - zz*)z = q^z{l - zz*), (1 - zz*)z* = g-V(l - zz*), 

(1 - zz*)dz = dz{l - zz*), (1 - zz*)dz* = dz*{l - zz*), 

that this multiplicative closed system is an Ore set. Consider the associated localizations 
Pol(C)g and Qg of Pol(C)g and Qg, respectively. It is well-known that there embeddings 
Pol(C)q ^ Pol(C)g and Qg ^ Qg. One can also prove just as in [12J that the structure 
of f/gSUi^i-module algebra is uniquely extended from Qg onto Qg. 

Certainly, the grading mentioned above is canonically extendable onto Qg and 

Ql = {f'dz + f"dz*\f',f" eP^\iC)g} 

is a f/gS[2-module Pol(C)g-bimodule, equipped with the involution * inherited from Qg. 

Now we are in a position to introduce the f/gS[2-niodule Qg ^-^^q <?' ^^^^ ^ 'metric 
tensor' (j2.8p chosen among the [/gS[2-invariant elements of this module. 
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3 A q-Dirac bundle 

idule algebra of 'd 

)(0,*) • 



Consider the [/gSl2-module algebra of 'differential forms' together with its UqSi2- 



module subalgebra Pol(C)g. Obviously, fig' ' is a, free (left) Pol(C)g-module with genera- 
tors 1, dz*. Of course, Q^°'*^ is a C/g5(2-iiiodule Pol(C)g- module (a q-analogue of the space 
of polynomial sections of the vector bundle T^^'*^C). 

In the classical case (q = 1) the Clifford algebra acts in the fibers of T*^°'*)C, which 
allows us to speak about the Dirac bundle. We are going to describe a quantum analogue 
of this action. It follows from the definition of Clq that, in the category of C/gSl2-module 
Pol (C)g- modules there exists a canonical isomorphism 

*) ~ Clg/Clg • dz. 

In particular, Q,^'*^ is a C/5sl2-module Clg-module. 

Consider a sesquilinear map h : Q^q'*^ x — > Pol(C)q, 

h{ipo + dz*i^i, ipo + dz*i!i) = i^^ifo + q~^ipl{l - zz* f^pi, 

for v^o, v9i,V'o,^i e Pol(C)q. 

We arc going to demonstrate that the 'Hcrmitian metric' h is positive definite, invariant 
and 'respects' the Cl^-action. That is, it can be used to produce a q-analogue of the Dirac 
operator. 

Proposition 3.1 

i) h(u;, cj) > for all uo G ^2^°'*-' and \\{uj, c<;) = ^ u; = 0, 

ii) Ch(a;i,a;2) = h(^(2)(a;i), (5(^(1)) )*a;2) for all i e UqSUi,i, uji,uj2 e n^q'*\ ^ 

in) h{cu}i,U2) —h(ui, 0*002) for all c e CI5, a;i,a;2 G il^'^'*-'. (3.1) 

Proof. The first statement is evident. To prove the second statement, it suffices to 
establish [/^sui^i-invariance of the Hermitian forms 

hi : Pol(C), X Pol(C), ^ Pol(C)„ hi : /i X /2 :^ /*/!, 

h2 : X ^ Pol(C)„ h2 : dz*f, x dz*f2 ^ f^{l - zz^f^. 

On the other hand, since is a C/gSUi,i-module algebra, the forms hi and 

hq : a; X a; lj*u} 

are t/gSUi^i-invariant. (Here Q^'^^ — {fdzdz*\ f G Pol(C)q} C ^2^.) The t/gSUi^i-invariance 
of h2 follows from the invariance of and the invariance of the element 

(1 - zz*)-^dzdz* = dzdz*{l - zz*)'^ G fig. (3.2) 



^Recall that wc use the Sweedler notation. The condition ii) is just a rephrasing of a (7qSUi,i-invariance of the 
Hermitian metric h. The flip of tensor multiples ^(i), ^(2) in ii) is due to the fact that a similar flip is normally 
used implicitly while constructing scalar products in the spaces of functions and differential forms. For example, 
for functions 

/i (Si /2 H^. /2 (g) /i i-» /a (gi /i H^. /a /i h^- j f2fidv. 
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One can use a similar argument to prove (j3.1|) in the special case c G Pol(C)q. (The 
passage from to h2 involves the fact that the 'Kahler form' (j3.2p is in the center of 

We prove ()3.1|) in the general case. In view of the relations 
h{uJif,uj2) = H^i,^2)f, h(t^i,t^2/) = /*h(u;i,u;2), uji,uJ2 e / G Pol(C)g, 

it remains only to consider the case uJi,U2 G {l,dz*}, c = dz*. In this case ()3.1|) follows 
from 

h{dzdz*, 1) = h(l, dzdz*) = q-\l - zz*f, 
h{dz*,dz*) = q-\l-zz*f. 
The first relation here follows from the fact that in the CL-mo dule *^ ~ Clg/Clg ■ dz 

dz-dz* = q-^{l- zz*f, 
while the second one is obvious. □ 



4 An important ^-representation of Clg 

Every positive linear functional fi : Pol(C)q C determines a *-representation of Clg in 
the pre-Hilbert space ^l^'*^ with scalar product 

{uJi,uj2) = j h.{uJl,uJ2)d^l. (4.1) 

However, to produce a Dirac operator we need a f/gSUi^i-invariant scalar product. We 
first recall the corresponding definition. 

Consider a f/qSUi_i-module V and a sesquilinear form x V" ^ C, f i x t>2 ^— ^ {yi,V2). 
This sesquilinear form is called t/gSUi^i-invariant if for all ^ G f/gSUi,i, fi,f2 G V 

e(0 -(^1,^2)= (^(2)^^1,(5(^(1)))%)- 

The invariance of a sesquilinear map h indicates a naive way of producing the required 
scalar product. That is, formula ()4.1|) suggests to define a t/gSUi^i-invariant integral /i by 

j {^f)dfX = £(0 j fdf^, e e f/,SUi,i, / G Pol(C),. 

In fact this fails even in the classical case {q = 1), since the positive St/i^i -invariant 
measure in the unit disc has the form 

du = const (l — |2;|^) ^ dzdz, 

and the associated integral is not defined on the polynomial algebra (unless const = 0). 
That is why in producing an integral calculus, the algebra of smooth functions 

with support inside the disc U is used. In the quantum case one can also replace the 
UqSUi^i-module algebra Pol(C)q by the t/gSUi^i-module algebra 'D(lJ)g to produce a UgSUi^i- 
invariant integral z/ : 'D(lJ)g C (see |Hj). 

Recall the definition of the f/q5Ui^i-module algebra V(lJ)g. Consider the *-algebra 
Fun(U)g with generators z, fo and determining relations ()2.1|) and 

z*fo = foz = 0, f^ = fo, /o* = /o. (4.2) 
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Obviously, we have an embedding Pol(C)q ^ Fun(U)g. 

An argument used in [S] leads to (j4.2j) and to the relations 

Efo = --^zfo, Ffo = Y^/o^*, K^'fo = fo. (4.3) 

I — q ^ — I 

This argument also allows us to prove that the structure of f/gSUi^i-module algebra ad- 
mits an extension from Pol(C)q to Fun(U)g which satisfies fl4.3p . The uniqueness of this 
extension is obvious. The t/gSUi^i-module algebra 'D(l])q is defined as a two-sided ideal of 
Fun(lU)g generated by /q: 

P(U), = Fun(U), ■ /o ■ Fun(U),. 
Recall the explicit form of the invariant integral u. 

Let Q be the linear operator in given by Qck = (1 — g^) q~'^^ek, with {cfc} being 

the standard basis in /^(Z_|_). Consider the ^-representation T of Fun(U)q in the Hilbert 
space given by 

Note that the only non-zero matrix element of the operator T{z^ foz*^) is in line j 
column k. Hence the operators T[z^ Jqz*'^) are linear independent. From this one deduces 
that the elements z^ foz*^, j, k G Z+, form a basis in 'D(lJ)g and that the representation 
T of V{lJ)g is faithful. 

It is easy to prove (see P): 

Proposition 4.1 The linear functional 

on the UqSUi^i-module *-algebra V{l])q is well defined, positive definite, and f/qSUi,i- 
invariant. 

We have thus derived a f/q5Ui^i-module algebra Fun(I[J)g from Pol(C)g by adding a 
generator and additional relations (j4.2p . (j4.3p . 

In a similar way one can extend the f/gSUi,i-module *-algebras Qq and Cl^ (see [H]). 
For that, one has to add /o to the list of generators and to complete the list of relations 
with dOl), do} and 

fodz = dz ■ /o, /o ■ dz* = dz* ■ /q. (4.4) 

Let fi(U)q, Cl(U)q be the two-sided ideals of those algebras generated by /q. We call 
fl{\J)q the algebra of differential forms with finite coefficients in the quantum disc, and 
Cl(U)g the algebra of finite sections of the q-Clifford bundle. 



T{z*)ek 




2k\ V2 



A; > 0, 
k = 0. 
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Obviously, fi(U)g is a [/gSUi^i-module f2q-bimodule and Cl(I[J)q is a t/gSUi^i-module 
Clg-bimodule. As usual, 

= {f + dz*g\f,g eV{V\}, 
VL{V)f^^ = a(U)g/Cl(U)g ■ dz. (4.5) 

It follows from ()4.5|) that r2(U)g is a Clg-module. We intend to equip n(U)f '^^ with 
an invariant Hermitian metric and an invariant scalar product. 
Consider a sesquilinear map hu 

hu(v9o + dz* ■ v^i, ^0 + dz* ■ ipi) = ip*(j)o + - 2:^*) Vi, (4-6) 

with ipo,ipi,i:o,iJi e V(l])q. 

Proposition 4.2 

hu(a;, uj) > for all 00 G n(U)g°'*-' and hu(co', cj) = ^ u; = 0, 
iij ^hu{uji,uj2) = hu(^(2)t^i, (S'(^(i)))*u;2) /or all ^ G t/gSUi,i, u;i,u;2 e fi(U)^°'*^ 
hu(ao'i, t<;2) = hu{uJi, 0*002) for all c G Clg, uji,uj2 G i7(I[J)g°'*'' . 

This proposition can be proved in a similar manner as proposition 13.11 
Propositions 14.11 and 14.21 allow us to equip ^](U)^*^ with a UgSUi, i-invariant scalar 
product: {uji,uj2) '= J hu(ci;i, 072)^//. 

Consider the Hilbert space Tig which is the completion of the pre-Hilbert space 

The boundedness of the operators T{f), f G Pol(C)g, and the explicit form of the 
invariant integral u : V{l])g C imply the following 

Proposition 4.3 The linear operators f2(U)g°'*'' ^l{\J)f''*\ u 1— >• av, are bounded for 
all c G Clg. 



Corollary 4.4 There exists a unique * -representation tt of Clg (by bounded operators) in 
Hq such that for all c G Clg, u G Q{l])^q'*\ 

7l{c)uJ = CUJ. 



We close this section by recalling that the structure of f/gSUi_i-module (su- 
per) differential algebra can be canonically transferred from Qq onto i7(U)g°'*'' (see P]): 

dfo = - -, ^ A dz ■ fo- z* + z- fo- dz*). 
1 — 
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5 The Dirac operator in the quantum disc 

The Dirac operator is normally defined in terms of special affine connections. Nevertheless, 
in the case of Kahler manifold, this operator admits a definition by a simple explicit 
formula (see, for example, [0]). In the special case of the unit disc U C C and the Clifford 
bundle as it is considered in this work, the Dirac operator in i7(U) = fi(U)^°'°^ + 
1](U)(0'^) is defined by 

where (d)* being a formal adjoint differential operator (with respect to the standard SUi^i- 
invariant scalar products in f2(U)^°'''-*, f2(U)''°'^-'). The operator 'p is essentially selfadjoint 
in the Hilbert space completion H of ^(U)*-"'*-'. 
It is worth to note that 

with Do = {d)*d, Di = d{d)* being essentially selfadjoint S'?7i,i-invariant differential 
operators (invariant Laplace operators in the spaces of functions and differential type 
(0, 1) forms, respectively). 

Now we are going to pass from the classical disc to the quantum disc. Just as in the 
classical case, one has the decompositions 

1 

r](u), = 0f](u)(^'^), d = d + d, 

i,j=0 



with d : fi(U)(''^') ^ Q{lJ)ll+^'^\ 

d : ^](U)J'^■) fi(U)J'^'+i) 

(these decompositions are related to the standard bigrading of the algebra of differential 
forms: deg(z) = deg(z*) = deg(/o) = (0,0), deg{dz) = (1,0), deg{dz*) = (0, 1)). 

In some sense the quantum case turns out to be easier than the classical one, because 
we have 

Proposition 5.1 The linear operator d : i7(U)g°'°'* ^l{iJ)f'^^ is bounded. 
See a proof in pUj . 

Let h'^^ and Hq^^ be the closures of the linear manifolds n(I[J)g°'°^ = 'D{lJ)q and 
n(U)q°'^'*, respectively, in Tig. From proposition 15.11 it follows that the linear map d : 
fi(I[J)g°'°'' —>■ Q{\])^g'^^ has an extension by a continuity up to a bounded operator d : 

Tif^ — > Tig^'' . Now the decomposition Hq = Tif'' © Ti^q^ allows us to introduce the Dirac 
operator in the quantum disc by ()5.H1 . As we have shown, in the quantum case the 
operator ^ is bounded in Tiq. 

Note that = 'p* , and that the Dirac operator is an endomorphism of the UqSUi^i- 
module f2(I[J)g°'*'', by this property of the operator d and the t/gSUi,i-invariance of the 
scalar products. 
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d d 

Introduce the standard notation — , 7- — for the hnear operators defined by 

oz oz* 

dijj = dz^^^, dip = dz*^^. 
oz oz* 



Proposition 5.2 For all ip G I^(U)^ 



d d 

Proof. It suffices to prove that the linear operators f/^T— , 7:; — are formal adjoints 

oz oz* 

with respect to the scalar product in V{\])q 

Lf X -ip / tjj*f{l — zz*Ydu, 



determined by the 'q-Lebesgue measure' (1 — zz*ydi>. The latter assertion can be proved 
in the same way as the correspoding statement in [TTj . 

Corollary 5.3 For all e V{i]) 



p{ip + dz*i)) = q\l - zz*y^ + dz 



dz dz* ' 



dz dz* 



didyidz*i.) = q^dz*^{l-zzr^. 



6 Concluding remarks 

In A. Connes' non-commutative Riemannian geometry ^1 chapter VI] the differential d 
is closely related to the Dirac operator 'p. Specifically, for any 'function' /, the elements 
/ and df are in the Clifford algebra. They act in the same space as 'p, and 

df-i;=[pj]-^. (6.1) 

A similar relation is also valid in the case of quantum disc as one can see from the following 
obvious 

Proposition 6.1 For all f E Pol(C)g, ip E V{l])q 

i^f)■^=[pJ]■^p. (6.2) 

Of course, one can replace the Cl^-module by C\g treated as a Clg-module, in 

order to pass from d to d, i.e. for getting the relation ()6.H) instead of ()6.2|) . This is just 
what stands for the Dirac bundle in [HI chapter 5A]. 
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There exists a unique Hermitian metric h which has all the properties stated in propo- 
sition and satisfies the relation h{dz,dz) = h{dz* ,dz*): 

h(v9oo + dzifio + dz*(poi + dzdz*(pu, ^poo + dzipio + dz*ipoi + dzdz*il)ii) = 

= V^ooV'oo + j^-^ (A*o(l - zz*fifio + - zz*'fifoi) + ^77^^^1*1(1 - ZZ* ff II, 

1 + + g^) 

with ipij,tpij e Pol(C)g. 

Remark. The t/gSUi^i-invariance of the Hermitian metric h follows from the UgSUi^i- 
invariance of the following elements: 

(1 - zz*)-^dzdz* e Qq,^ 
(1 - zz*r'dz ® dz* e ®Poi(c), 
(1 - zz*)-^dz* ®dze Qf''^ ®Poi(c), ^i'-"^. 

In fact, one can use the two latter elements in order to define the following morphisms 
of f/g5Ui^i-modules: 

®p-j(Q^ ^ P^1(C)„ tpdz* ® dz^ ^ - zz*f^- 
®pSi(c), ^f'^ ^ Pol(C)„ ijdz ® dz*^ ^ - zz*f^- 

il)dz dz* ® dz ® dz*Lp ^ — zz*Ylp. 

What remains to elaborate is the fact that the corresponding tensor algebra is a f/gSUi^i- 
module algebra. 

In sections 2 - 5 we have considered a more simple case (p!f'*'' instead of Vtq) in order 
to reduce the relevant computations and to make the exposition more plausible. 

It should be noted that A. Connes assumed in his theory that the spectrum of the 
Dirac operator is discrete. This fails both for classical and quantum discs because of the 
non-compactness of U. Even more, the spectrum of {d)*d in the space of square summable 
functions is absolutely continuous in the classical case and in the quantum case ^Ul as 
well. In particular, the spectrum of our Dirac operator is not discrete. 
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ON UNIQUENESS OF COVARIANT 
DEFORMATION WITH SEPARATION OF 
VARIABLES OF THE QUANTUM DISC 

D. Shklyarov 



1 Introduction 

The concept of deformation quantization was introduced around 1977 by Bayen, Flato, 
Fronsdal, Lichnerowicz, and Sternheimer Since then the concept has become very 
popular. In this approach quantization means a deformation of the usual product of 
smooth function on a 'phase space' into a noncommutative associative product -kf (star- 
product) with additional properties. 

The problem of constructing star-products explicitly is still of importance. For some 
special symplectic manifolds star-products can be constructed by using the famous Berezin 
quantization method f^. Specifically, the method can be explored for a wide class of 
Kahler manifolds. The star-product on a Kahler manifold constructed by means of the 
Berezin scheme possesses some remarkable properties. First, it respects the complex struc- 
ture of the Kahler manifold. Second, it respects the action of the group of biholomorphic 
automorphisms of the Kahler manifold. 

In general, it seems to be important to look for those star-products on a symplec- 
tic manifold which keep some additional geometric structures on this manifold. In this 
connection, we want to mention the result on complete classification of star-products 
with separation of variables on Kahler manifolds jH] and results concerning invariant star- 
products on homogeneous symplectic manifolds jl], [S]- 

A remarkable class of Kahler manifolds to which the Berezin method is applicable is 
the class of bounded symmetric domains. The simplest example is the unit disc within 
complex plane C. The star-products on bounded symmetric domains arising from the 
Berezin method were studied in [lOj in the simplest case of the disc and in jH] in general 
setting. 

Recently, in the framework of the quantum group theory g-analogues of bounded 
symmetric domains have been constructed . In we used a g-analog of the Berezin 
method to produce a deformation of product in a noncommutative algebra of 'functions 
on the quantum unit disc' (see section 2 for definitions). This deformation respects both 
the complex structure and the quantum group symmetry action (precise definitions are 
to be found in section 3). The main result of this paper is Theorem 15.11 which states 
that the deformation constructed in is essentially the unique deformation possessing 
the above properties (specifically, any deformation of that kind can be obtained from the 
Berezin one via change of parameter). 
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sions, and E. Karolinsky for many valuable remarks on improving the text. Unfortunately, 
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1 didn't succeed to take into account all his remarks, and I hope to do it in forthcoming 
versions of this paper. 

2 The algebra Pol(C)g 

Everywhere in the sequel we suppose that q G (0, 1) and the ground field is the field C of 
complex numbers. 

Denote by Pol(C)g the involutive unital algebra given by its generator z and the unique 
commutation relation 

z*z = q^zz* + l-q^. (2.1) 

This algebra was studied in TTJ. It serves as the initial object in constructing function 
theory in the quantum unit disc (see [12]). 

The algebra Pol(C)g may be endowed with an important extra structure, namely, the 
structure of a f/^sui^i-module algebra. Let us recall one what it means. 

To start with, remind the definition of the quantum universal enveloping algebra UgSi2 
and its "real form" f/gSUi i. UgSl2 is a Hopf algebra over C determined by the generators 
K, K~^, E, F and the relations 

KK-^ = K-^K = 1, K^^E = q^^EK^\ K^^F = q^^FK^\ 

K-K-^ 



EE -EE 



q-q-^ 



A{K^^) = K^^ (S) A{E) = E01 + K0E, A{E) = E (S) R-'^ + 10 E. 

Note that 

e{E) = e{E) = e{K^^ - 1) = 0, 

S{K^^) = S{E) = -K-^E, S{E) = -EK, 

with e : UqSl2 — > C and S : UqSl2 — ^ Uq5l2 being the counit and the antipode of UqSl2, 
respectively. Equip UqSl2 with the involution given on the generators by 

E* = -KE, E* = -EK-\ {K^y = (2.2) 

The pair {UqSl2, *) is the *-Hopf algebra. It is denoted by UqSUi^i. 

Let stands for a unital algebra equipped also with a structure of ?7gS[2-module. 
is called a t/gS[2-module algebra if the multiplication m:jF(g)jF^jF is a morphism of 
f/gS [2- modules and for any ^ G UqSl2 

e(l) = 5(0-1 (2.3) 

(in other words, the unit 1 of the algebra is [/gS[2-invariant). 

An involutive algebra J-' is said to be a f/gSUi^i-module algebra if it is a [/qS[2-module 
one and 

for any ^ G UqSUi^i and f E J-" (the first asterisk in the right hand side of ()2.4|) means the 
involution dOl V 

We have explained the meaning of the term '[/gSUi i- module algebra'. The following 
statement is proved in [T^ . 
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Proposition 2.1 There exists a unique structure of UgSUi^i-module algebra in Pol(C)q 
such that 

K^^z = q^'z, Ez = -q^l^z\ Fz = q^/\ (2.5) 

Note that uniqueness of f/^sui^i-module algebra structure in Pol(C)g satisfying (j2.5j) is a 
simple consequence of definitions. Indeed, after application of the involution to the both 
hand sides of equalities ()2.5|) we find that the following relations hold (see ()2.4|) ) 

K^^z* = q'^^z\ Ez* = q-^'\ Fz = -q-^/^z*\ (2.6) 

Relations (j2.3p . (j2.5p . and (j2.6p allow one to apply E, F, K^^ to any element of Pol(C)g. 
This implies the uniqueness. Existence of t/^sui^i-module algebra structure in Pol(C)q 
given by ()2.5|) is a more difficult fact and we don't adduce its proof (an analogous result 
is proved in [T3] in a much more general setting). 

Let C[z]g and C[2*]g stand for the unital subalgebras in Pol(C)g generated by z and 
z* , respectively. In view of ()2.5p and ()2.6p . these subalgebras in the ?7gS[2-module algebra 
Pol(C)g are t/qS[2-module algebras themselves (however, these subalgebras are not ?7gSUi i- 
module subalgebras). 

The defining relation (|2.H) allows one to rewrite any element / of the algebra Pol(C)q 
in the form of a linear combination of "normally ordered" monomials: 

/ = '^aijz'-z*^, ttij e C. 

Thus, there is a natural isomorphism of vector spaces 

Folic), ^C[z],^C[z*]g. (2.7) 

Evidently, this isomorphism respects the action of UqSl2. 

In conclusion of this section, let us comment formulas ()2.5|) and ()2.6p . As we mentioned 
in Introduction, the unit disc is a homogeneous space of the group SU{1,1). Formulas 
(ESJ and (ESD are just (j-analogs of the corresponding 'infinitesimal' action of Usui i in 
the space of polynomials. 

3 Deformations of the algebra Pol(C)q. 
Real, and covariant deformations 

First of all, let us explain what the term 'deformation of the algebra Pol(C)g' means. Let 
C[[t]] and Pol(C)g[[t]] stand for the algebra of formal power series in t over C and the 
C[[t]]-module of formal series in t over Pol(C)g, respectively. According to the traditional 
approach j^j, a deformation of the algebra Pol(C)g is an associative C[[t]]-bilinear product 
(called star-product) 

M : Pol(C)J[t]] X Pol(C),[[t]] ^ Pol(C),[[t]] 

given for f,ge Pol(C), C Pol(C),[[t]] by 

fMg = f-g + t-m,{f,g)+t^-m2if,g) + ... (3.1) 

with rrii : Pol(C)g x Pol(C)g Pol(C)q being some C-bilinear maps. The product of 
arbitrary elements f,g E Po\{C)q[[t]] is defined via the conditions of C-bilinearity and 
t-adic continuity. 
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In subsequent sections we consider deformations of certain class only. In this section 
we present all necessary definitions. 

A deformation -k^ of the algebra Pol(C)g is said to be deformation with separation of 
variables (see [HIE|) if 

fMg = f-g 

with / G C[z\q or g e C[z*]g. 

Remark 1. Deformations with separation of variables possess the following property: 
any such deformation can be reconstructed from the series z* -kt z. 

A deformation -kt of the algebra Pol(C)g is called real if for any f,g& Pol(C)g 

(we suppose the formal parameter t is real: t* = t). In this case the algebra Pol(C)q[[t]] 
is an involutive algebra. 

Finally, let us define the notion of a covariant deformation of the algebra Pol(C)g. 
Its classical counterpart is the notion of a SU{1, l)-invariant deformation of the unit 
disc. Endow Pol(C)q[[t]] with a structure of f/gS[2-module via C[[t]]- linearity (and t-adic 
continuity). A deformation -kt of the algebra Pol(C)g is said to be covariant if the algebra 
Pol(C)g[[t]] is a f/gS[2-module algebra with respect to the product *t (see section 2 for 
definitions). ^ 

Further we restrict ourselves of studying real covariant deformations with separation 
of variables (abbreviated to RCW- deformations) of the algebra Pol(C)g only. 

4 Examples of RCW-deformations of the algebra Pol(C)q 

The simplest example of a RCW-deformation is the trivial deformation (the trivial defor- 
mation is the deformation -kt such that f-ktQ = f '9 for any f,g& Pol(C)g). The remaining 
part of this section is devoted to a more substantial example, namely, the Berezin deforma- 
tion. This deformation is constructed in ^1] by a q-analogue of the Berezin quantization 
method. This approach is applicable to all q-Cartan domains jTH]. In the simplest case 
of quantum disc this method could be replaced by a plausible procedure, to be sketched 
below. 

Let us begin with some non-rigorous arguments. Suppose t G [0, 1). Consider the 
unital involutive algebra given by its generator and the following relation j^]: 

z*z = q^zz* + l-q^+ ^| ~ - z*z){l - zz*). (4.1) 

We denote it by Pol(C)g,t. Note that application of the involution to the both hand sides 
of 1)4.11) leads to the relation 

z*z = q^zz* + 1 - g2 + ^^"^^ (1 - zz*){\ - z*z). (4.2) 

1 — qH 

In particular, the elements 1 — zz* and 1 — z*z commute. 

We describe the procedure of producing the Berezin deformation |T3] starting from the 
family of algebras Pol(C)g^t. Consider a polynomials / in (non-commuting) variables z, 

^Note that if a deformation *t is real and covariant then the algebra Pol(C)q[[t]] with the product automat- 
ically become a l7gSUij -module algebra. 
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z* and try to put it in normal order using relation (j4.1|) ("to put in normal order" means 
to rewrite as a linear combination of the monomials z^z*^, i,j G The procedure 

of normal ordering is just the iterative process: at every subsequent step of this process 
we look for all the monomials containing combination z*z at least once; then we replace 
precisely one such combination with the right hand side of ()4.H) in each found monomial. 
In general, we can't put the polynomial / in normal order in a finite number of steps. 
But it is not difficult to observe that for an arbitrarily large N any polynomial / can be 
written in a finite number of steps in the form 

f = fo + tfi+ff2 + ... + t'^fN + t^+ViV+l (4.3) 

with /o, fi,...,fN being normally ordered polynomials independent oft. Thus, after "infi- 
nite number" of steps we should have a formal series 

/O + t/l +t'f2 + ...+t^fN + ...e Pol(C),[[t]] 

whose coefficients are normally ordered polynomials. It can be proved that the series 
depends on the polynomial / only (i.e., it is independent of arbitrariness in choice of the 
combination z*z at every step of the process). We shall call it the asymptotic expansion 
off. 

Let us define a deformation icf of the algebra Pol(C)q as follows. Because of isomor- 
phism fj2.7p . it is sufficient to define z^z*^ -kt z^z*K We set 

2;*-' T^rj 2:^2;*' = asymptotic expansion of z^z*^z^z*K 

It is almost explicit from the algorithm of normal ordering that this star-product 
is associative and defines a deformation with separation of variables. Realness of this 
deformation is a less evident fact. ^ 

The deformation constructed in this way turns out to be covariant. It is a consequence 
of the following statement [13] (see also j9j|). 

Proposition 4.1 There exists a unique structure of UqSUi^i-module algebra in Pol(C)g,t 
satisfying i2.5}) . 

Evidently, formulas (j2.6p hold in Pol(C)q^t as well. To explain covariance of the deforma- 
tion it suffices to note that the f/gS[2-action in Pol(C)g^t is independent of t, commutes 
with multiplication by t, and respects the normal order. 

We have explained roughly the idea of constructing the Berezin deformation of the 
algebra Pol(C)g. Let us expound the above 'algorithm' rigorously. 

To start with, let us agree about the following notation. If F is a C[[t]]-module then F„ 
stands for the C[[t]]-module F/t^F and F for the completion of F in the t-adic topology. 
Note that if F is an (involutive) C[[t]]-algebra then F„ and F are naturally endowed with 
structures of an (involutive) C[[t]] -algebra and a topological (involutive) C[[t]] -algebra, 
respectively. 

Consider the unital involutive C[[t]] -algebra given by its generator and relation (j4.ip . 
Denote it by V. Evidently, relation ()4.2j) holds in this algebra as well. Using proposition 

■^To prove the realness one actually should show that the procedure of normal ordering "commutes" with 
apphcation of the involution. It is easy to observe that application of the involution to a polynomial / followed 
by normal ordering via relation H4.1^ gives us the same series as normal ordering via relation l|4.2^ instead of 
14.111 followed by application of the involution. Now realness of the deformation is due to the following fact: the 
procedures of normal ordering via 14.111 and 14.21 lead to the same result. 
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14.11 one shows that there exists a unique structure of t/gSUi^i -module algebra in V given 
by (1231) and ^T^. Denote the C[[t]]-algebra Pol(C)g ® C[[t]] by P. Endow the latter 
algebra with a structure t/gSUi^i-module algebra via C[[t]] -linearity. 

Let In stands for the unique C [[/!:]] -linear map from P„ to Vn such that J„ : z'^z*^ 
z''z*K Certainly, J„ is an embedding of C[[t]] -modules and respects [/gSl2-actions. More- 
over, Inif*) = i^nif))* for any / G P„. /„ turns out to be an isomorphism of C[[i:]]- 
modules. Let us prove this via induction on n. 

The case n = 1 is evident (moreover, due to ()2.H) and ()4.H) . Ji is an isomorphism of 
t/gSUi,i-module algebras). Suppose Ik is an isomorphism of C[[t]] -modules for any k < n. 
It suffices to show that the embedding In+i : Pn+i 'Pn+i is surjective. 

Let (fn+i '■ Pn+i — ^ Pn and iJn+i '■ Vn+i — * Vn staud for the natural surjective C[[t]]- 
linear maps induced by the inclusions t"^^P C t"P and t"+^P C f^V. It is clear that 

V'n+l O In+1 = In° (4.4) 

Let / G Vn+i- In view of the inductive hypothesis, there exists g G Pn+i such that 

InO(pn+l{g) = 1pn+l{f)- implies ?/'„+i o/„+i (51) = 1pn+l{f), 1-6., In+l{g)-f G Kei^n+1- 

In other words, In+i{g) — / = t^'go for some go G Vn+i- Relation 1)4.11) and the definition 
of the maps J„ imply f'Vn+i C Im/„+i. By (jOI) / G Im/„+i. So, In : Pn Vn is an 
isomorphism of C[[t]]- modules. 

The family of isomorphisms /„, n = 1, 2, . . ., satisfies ()4.4|) . It means that there exists 
the limit isomorphism of topological C[[t]]-modules 



Evidently, P and V inherit structures of f/gSUi^i-module C[[t]] -algebras (moreover, f/gSUi^i- 
module C[[t]] -algebra P is isomorphic to Pol(C)g[[t]]). The map I^o is an isomorphism of 
f/gS [2- modules and intertwines actions of the involutions in P and V. But I^o is not an 
algebra isomorphism. Define in P ^ Pol(C)g[[t]] a new product by 

fMg = i^' iUf) ■ looig)) . 

Evidently, Pol(C)g[[)f:]] endowed with this new product become a t/gSUi,i -module algebra. 

This deformation is just the one described informally in the first part of this section. 
We shall call it the Berezin deformation of Pol(C)q ( Jl]) and denote the attached star- 
product hj -kB- 

Remark 2. We present in explicit formulas for -ks, i-e., for the corresponding 
bilinear maps rrii (see ()3.ip ). 

5 Uniqueness of the RCW-deformation of the algebra Pol(C)g 

First of all, let us consider the following construction. Suppose *j is a deformation of the 
algebra Pol(C)g and rrii : Pol(C)g x Pol(C)g — > Pol(C)g are the attached bilinear maps 
(see p.ip ). Let c{t) G C[[t]], c(0) = 0. Using c{t), one can define a new star-product -k'^ 
given by 

f<9 = f-9 + c{t) ■ m,{f, g) + c{tf ■ m^if, g) + . . . . (5.1) 

(The product of arbitrary elements f,g E Po\{C)g[[t]] is defined via the conditions of 
C-bilinearity and t-adic continuity.) It is said that *j is obtained from via change of 
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formal parameter. If the initial deformation ic^ is a RCW-deformation and the series c{t) 
is real then -k'^ is a RCW-deformation as well. 
The principal result of this paper is 

Theorem 5.1 Any RCW-deformation of the algebra Pol(C)g can be obtained from the 
Berezin deformation via change of formal parameter. 

Proof of the Theorem. Let us use the traditional notation M[[t]] for the C[[t]]-module 
of formal series in t over a vector space M. 

Let -kt denotes a RCW-deformation of the algebra Pol(C)g. Endow Pol(C)g[[t]] with 
the algebra structure using the star-product -kf To prove the theorem we shall show that 
the elements z and z* of the algebra Pol(C)g[[t]] satisfy a commutation relation which can 
be obtained from (j4.1|) via change of formal parameter. 

To start with, let us construct an embedding of the algebra Pol(C)g[[t]] into the algebra 
of endomorphisms of a C[[t]]-module. 

Let J stands for the left ideal in Pol(C)g[[t]] generated by z*: 

J = Pol(C),[[t]] M z*. 

Since -kt is a product with separation of variables, we have J = Jo[[t]] with Jq = Po\{C)qZ* . 
Thus, Pol(C)g[[t]] splits into the direct sum of C[[t]]-submodules 

Pol(C)J[t]] = J + C[^],[[t]]. (5.2) 

From ()5.2|) . we have the natural isomorphism of C[[i(:]]-modules 

^:Pol(C)J[t]]/J-C[z],[[t]]. (5.3) 

The C[[t]]-module Pol(C)g[[t]]/ J is endowed with the evident Pol(C)g[[t]]-module struc- 
ture. Using isomorphism (j5.3|) . one can "transfer" Pol(C)g[[t]]-module structure onto 
C[2;]g[[t]]. As a result, we get the algebra homomorphism 

T : Pol(C) J[t]] ^ Endc[[t]] {C[z]M) ■ 



Lemma 5.2 T is an embedding. 

Proof of Lemma 15. 2L To prove injectivity of T, we shall describe more or less ex- 
plicitly the endomorphisms T{z) and T{z*) of the C[[t]]-module C[2;]g[[t]]. It is easy to 
describe the former endomorphism. Indeed, each direct summand in ()5.2|) is invariant 
under multiplication from the left by elements of the subalgebra C[2;]g[[t]] C Pol(C)g[[t]]. 
This implies 

T{z) : 2" ^ z^'+K 

To describe explicitly T{z*), one should use an extra structure in the Pol(C)q[[t]]- 
module C[2;]g[[t]] arising from the covariance of the deformation -kf. 

Let us consider the Hopf subalgebra t/qb_ C UgSl2 generated by K"^^ and F. Cer- 
tainly, J is a [/gb_ -invariant subspace in Pol(C)g[[t]] (see the definition of J and relations 
(|2.5|) . (12.61) ). Thus, the C[[t]]-module Pol(C)g[[t]]/ J is endowed with a natural structure 
of a f/gb_-module. Moreover, since Pol(C)g[[t]] is a UgSl2-icaodu\e algebra, Pol(C)g[[t]]/ J 
is a f/gb_-module Pol(C)g[[t]]-module, i.e., the multiphcation map 



Pol(C)J[t]] ® (Pol(C)J[t]]/J) ^ (Po/(C)J[t]]/J) 
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is a morphism of ?7gb .-modules. Furthermore, the t/qb_-action respects decomposi- 
tion (j5.2p (this is a direct consequence of (j2.5p and (j2.6|) ). Therefore, the structure 
of Pol(C)g[[i(:]] -module in C[2;]q[[t]] (defined above via isomorphism (j5.3|) ) is compatible 
with the natural [/qb_-module structure. In other words, C[2]q[[t]] is a ?7gb_-module 
Pol(C)g[[t]]-module. This observation allows to calculate T{z*). 

Suppose that T{z*) : z"- (t>n{.z) for some 0„(2;) G C[2;]g[[t]]. Formulas (j2.5p . 
(j2.6p and [/gb_-moduleness of the Pol (C)g[[t]] -module C[z]g[[t]] -module imply i^(0„(^)) = 
q'^"-~'^(f)n{z). It is clear that the latter equality holds only when 0^(2) = Cn(t)z"'~^, 
Cn(t) G C[[t]]. It is possible to calculate c(0): since 

z* -kt z = q^zz* + 1 — (mod t) 

(see (12. we get 

2* 2" = + (1 - (mod t). 

Thus, c„(t) = 1 — g^" (mod t). As a result, we have 

T{z) ■ ^ (5.4) 

T{z*) : c„(t)z"-\ (5.5) 

with 

c„(t) = l-g2" (mod t). (5.6) 

We are now in a position to prove injectivity of T. Let / = Yliij o.ijz'^z*^ G Pol(C)g[[t]] 
be a non-zero element such that T(/) = 0. Suppose jo is the least non-negative integer 
such that Cijo 7^ for some i. From ()5.4p and ()5.5|) . 

TU):z^^^Y.^,,,z\ 

i 

Thus, ajj(,(t)cjg(t)CjQ_i(t) . . .Ci(t) = for any i. In view of ()5.6p . aij^it) = for any i It 
contradicts our choice of jo- Q.E.D. 

Lemma 5.3 There exists a formal series c(t) with real coefficients such that c(0) = and 

T{z*)T{z) = q^T{z)T{z*) + 1 - + ~ ^'jV - T{z)T{z*)){l - T{z*)T{z)). (5.7) 

Proof of Lemma 15.31 Let us invoke [/gb_-moduleness of the Pol(C)g[[t]]-module C[z]q 
once more. Apply the element F G Uqb_ to both hand sides of the equality T{z*){z"') = 
Cn{t)z''-^ (see dnSD): 

T{Fz*){K'\'') + r(2*)(F2") = Cn{t)Fz''-\ (5.8) 
Equalities ()2.5|) and easy induction on n give 

1 — 

= g-2";z", Fz'^ = (5.9) 

1 — n ^ 
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According to (|2.6p and (|5.9|) . (j5.8|) can be rewritten as follows 

1 — <i^2n 1 _ 2-2n 

-q"'T{z*'){q-'-z-) + qy^L^L_^T{z*){z-') = q''^ \ ^ ^ c„(t)z"-^ (5.10) 

1 — g"^ 1 — 

From ()5.5|) . 

-g^/^-^"c„(t)c„_i(t)z«"^ + gi/2^^-^c„„i(t)z"-2 = c^{t)z--\ (5.11) 

For n = or = 1, the latter equality holds trivially. For n > 1, it is equivalent to 
the following 'recurrence' relation 

-g2-2«(l - g-2)c„(t)c„_i(t) + (1 - g-2")c„_i(t) = (1 - g'-2")c„(t). (5.12) 

Let us define the series c{t) by 

1 — q c[t) 

From ()5.6|) . we have c(0) = 0. In view of ()5.12p . 

(it suffices to proceed by induction on n). So, there exists a series c{t) such that c(0) = 
and 

T(z)(^") = (5.15) 

T(2*)(2") = ^-^^"-1. (5.16) 

The latter equalities imply ()5.7p . Now, to finish proof of Lemma (5.31 it remains to show 
that the series c{t) given by ()5.14|) has real coefficients. Because of the definition of Ci(t), 

z*Mz = c^{t) + f (5.17) 

for some f E J. Apply the element K G UqSl2 to the both hand sides of ()5.17|) . Since 
the deformation is covariant, we have Kf = /, i.e., / = 'Y^-aj{t)z^z*K Apply the 
involution to the both hand sides of the equality 



y* ^tZ = Ci{t) + ^aj{t) 



Z^Z*K 



Now realness of coefficients of Ci(t) is due to realness of the deformation. It follows that 
coefficients of c(t) are real as well (see (j5.14p ). Lemma 1^751 is proved. 

Lemmas 15.21 and 15.31 imply existence of a series c(t) with real coefficient such that 
c(0) = and 



z*Mz = q^z ^* + 1 - g2 + (1 _ ^* (5.1^ 

i q c\t) 
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It is not difficult to finish the proof of Theorem 15 .11 The Berezin deformation -ks certainly 
satisfies the condition 

(1 - q'^)t 

z**bZ = q^z ^bZ* + 1- + \ _^2t (1 -z^b z*) *b (1 - z* z) 

(see the previous section). Moreover, the series z* -ks z can be reconstructed from the 
latter relation in a unique way. Similarly, there are no two different deformations with 
separation of variables satisfying ()5.18|) (see Remark 1). It is clear how to construct one 
such deformation: for /, G Pol(C)g one should set 

fM9 = f-9 + c{t) ■ niiif, g) + c{tf ■ m2(/, g) + ■ ■ ■ , 

with TTLi given by 

f -^^39 = f ■ g + t-mi{f,g)+t^ ■m2{f,g) + .... 

It is straightforward now that the deformation -kt can be obtained from the Berezin one 
via change of formal parameter. Theorem 15.11 is proved. 

Remark 3. At ffist sight, we didn't invoke the full "quantum symmetry" in the proof 
of Theorem 15.11 ii. e., f/^sui^i-covariance of the algebra Pol(C)g[[t]]). What we realy used 
was the f/gb_-covariance. But it is simple to show that realness and f/qb_-covariance of a 
deformation with separation of variables imply its f/gSUi.i-covariance. 



References 

[1] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer, Deformation 
theory and quantization. Part I. Lett. Math. Phys., 1 (1977), 521 - 530. 

[2] F. A. Berezin, Quantisation of Kahler manifold. Comm. Math. Phys., 40 (1975), 
153. 

[3] M. Bordemann and S. Waldmann, A Fedosov Star Product of Wick Type for Kahler 
Manifolds. |qTlg/9605012| 

[4] M. Cahen and S. Gutt, Produits-* sur un espace riemannien symetrique. C. R. Acad. 

Sci., Paris, 291A (1980), 543 - 545. 
[5] M. Cahen and S. Gutt, Quantization of Kahler Manifolds. IV Lett. Math. Phys., 34 

(1995), 159 - 168. 

[6] M. Gahen, S. Gutt, and J. Rawnsley, Invariant *-products of holomorphic functions 
on the hyperbolic Hermitian spaces. Lett. Math. Phys., 5 (1981), 219 - 228. 

[7] M. Gerstenhaber, On the deformation of rings and algebras. Ann. Math., 79 (1964), 
59 -103. 

[8] A. Karabegov, Deformation quantizations with separation of variables on a Kahler 

Manifold. Comm. Math. Phys., 180 (1996), 745 - 755. 
[9] S. Klimek and A. Lesniewski, A Two- Parameter Quantum Deformation of the Unit 

Disc. J. Funct. A., 115 (1993), 1 - 23. 

[10] C. Moreno and P. Ortega-Navarro, *-Products on D^{C), S'^ and Related Spectral 
Analysis. Lett. Math. Phys., 7 (1983), 181 - 193. 



ON UNIQUENESS OF DEFORMATION OF THE QUANTUM DISC 



61 



[11] G. Nagy and A. Nica, On the 'quantum disc' and 'non-commutative circle', in 
Algebraic Methods in Operator Theory, R. E. Curto, P. E. T. Jorgensen (eds.), 
Birkhauser, Boston (1994), 276 - 290. 

[12] D. Shklyarov, S. Sinel'shchikov, and L. Vaksman, Quantum disc: the basic structures. 
This volume. 

[13] S. Sinel'shchikov and L. Vaksman, Harish-Chandra Embedding and q- Analogues of 

Bounded Symmetric Domains. This volume. 
[14] D. Shklyarov, S. Sinel'shchikov, and L. Vaksman, On function theory in quantum 

disc: a q-analogue of the Berezin transform. E-print: math.QA/9809018 



PART II 

UNITARY REPRESENTATIONS AND 
NON-COMMUTATIVE HARMONIC ANALYSIS 



HARISH-CHANDRA EMBEDDING AND 
q- ANALOGUES OF BOUNDED SYMMETRIC 

DOMAINS 



S. Sinel'shchikov * and L. Vaksman ^ 

Institute for Low Temperature Physics & Engineering 
National Academy of Sciences of Ukraine 

1. This work is devoted to study of a very restricted class of homogeneous spaces 
associated to quantum groups [Ullj. We follow in describing here the construction of 
algebras of functions and differential forms on these quantum homogeneous spaces. 

We hope to extend to the above context a great deal of the results of function theory 
and harmonic analysis in bounded symmetric domains This is shown here to be 
available for the simplest one among such domains, the quantum disc jH]. 

Our subsequent constructions are q-analogues of the corresponding Harish-Chandra's 
constructions which allow one to embed a Hermitian symmetric space of non-compact 
type into [2;. 

Let y4 be a Hopf algebra, e its counit, and S its antipode. Consider an algebra F 
equipped also with a structure of A-module. F is said to be an A-module (covariant) 
algebra if 

i) the multiplication m : F ® F —>■ F, m : fi® f2 ^ fi ■ f2] /i, /2 G -F is a morphism 
of A- modules; 

ii) the unit 1 G -F is an invariant: ^1 = ^(Ol) ^ ^ ^• 

If y4 is a Hopf *-algebra, and F is also equipped with an involution, then the definition 
of covariance should include the following compatibility condition for involutions: 

In the sequel all the algebras of "functions" (C[0_i]g, C[0_]^]g, Pol(g_i)g) and "differ- 
ential forms" are covariant algebras. 

2. Let g be a simple complex Lie algebra, t) C g a Cartan subalgebra, aj G = 
1, ... ,1, a system of simple roots with aj^ being one of those roots. Consider the Z-grading 
= 0m given by 

m 

0m = G 0| [Ho,^] = 2m^}, 

with Ho E i) such that 

aj{Ho) = 0, j ^ jo; ajo(^o) = 2. 

This lecture has been dehvered at D. Volkov Memorial Seminar Held in Kharkov, January 1997 and published 
in Supersymmetry and Quantum Field Theory, J. Wess and P. Akulov (eds). Springer, 1998, 312-316. 
'Partially supported by ISF grant U2B200 and grant DKNT-1.4/12 

tPartially supported by the grant INTAS-94-4720, ISF grant U21200 and grant DKNT-1.4/12 
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If this grading terminates, 

S = 0-1 + 00 + 0+1, 

then clearly g±i are Abelian Lie subalgebras. This is just the case when Harish-Chandra's 
construction presents a bounded symmetric domain U in the vector space 

Note also that in the case q = slm+n, ctjo = (^m, U is the matrix ball in the space of 
m X n matrices: 

S_i ~ Mat(m,n); U = {T E Mat(m,n)| ||r|| < 1}. 

3. Turn to the quantum case and fix g G (0, 1). 

Remind that the Hopf algebra UqSl2 is determined by its generators K"^^, E, F and the 
relations 

K ■ K-^ = K-^ ■ K = 1, K^^ ■ E = q^^EK^\ 
K^^ . F = q'^^FK^^ EE - EE = {K - K~^)/{q - q'^). 

Comultiplication A : f/gS^ UgSi2 ® f/^sb is given by A{E) = E®l + K®E, A{E) = 
E^K-^ + l^E, aIk^^) = ^ 

This Hopf algebra was introduced by E. Sklyanin, and its generalization UqQ to the 
case of an arbitrary simple Lie algebra g in the works of V. Drinfeld and M. Jimbo pp. UqQ 
is determined by the generators {K^^ , Ej, Ej}j=i^^^^^i and the well known relations [3]. In 
this setting, every simple root aj,j = !,...,/, generates an embedding ipj : Uq.sl2 —>■ UqQ 
given by 

: K"^^ Kp^, i^j-.Ev-^ Ej, '^j-. E^ Ej. 
Here qj = q'^^ with dj > such that diaij = ajidj for all 

4. Equip UqQ with a structure of graded algebra: 

deg Kj = deg Ej = degEj = 0, j ^ Jo 
degi^io = 0, degEjo = 1, degEj^ = -1. 

The embedding g_i C Uq has no good q-analog. This forces us to use the generalized 
Verma modules instead of Uq. 

Let \^ be a graded UqQ-modnle determined by its generator v E V and the relations 

EiV = 0, Kf^v = v, i = l,...,l, 
FjV = 0, j ^ jo- 
in the classic limit q —>■ 1 there is an embedding 0-i ^ V^, ^ ^ C,v. This allows one to 
treat the homogeneous component V^i = {v E V\ degv = —1} as a q-analog of the 
vector space g_i. 

We need also the graded UqQ-modvle V given by its generator v' and the relations 
Eiv' = 0, Kfh' = q^^'^ov', i = l,...,l, 
Fpo+'i;' = 0, jVJo; degt;' = -1. 



5. Introduce the notation C[g_i]g = 0(Ki)*, /\^id-i)g = 0(Ki)* the dual to the 

m m 

UqQ-modnles V and V respectively graded ?7qg-modules. The elements / G C[g_i]q are be 



HARISH-CHANDRA EMBEDDING 



65 



called holomorphic polynomials, and the elements u G A^lS-i)? differential 1-forms. The 
linear operator d : C[0_i]g t\{Q~i)q is defined via the adjoint operator d* : V V. 
In turn, d* is defined as the unique [/^g-module morphism with d* : v' ^ Fjo'^- Evidently, 
the differential d is a morphism of t/g0°^-modules. 

6. Besides the comultiplication A : UqQ f/^g ® UqQ°^ we need also the opposite 
comultiplication A"^. It is used to equip the vector spaces V ®V, V ® V, V with a 
structure of ?7qg-modules. 

The maps v ^ v ^ v, v' ^ v ® v\ v' ^ v' ® v admit the unique extensions to 
morphisms of [/q0-modules 

V -^V®V, V -^V ®V', v -^v ®v. 

The adjoint operator to the comultiplication V ^ V ®V equips C[0„i]g with a structure 
of associative algebra. Similarly, the operators dual to the above morphisms V ^ V ® 
V, V ^ V ^ V equip with a structure of a bimodule over C[g_i]q. 

It is easy to show that c?(/i/2) = dfi ■ /2 + /i ■ df2 for all /i,/2 G C[g_i]g. This 
allows one to pass from the 1-forms to the higher differential forms (see, for instance, the 
construction of G. Maltsiniotis [5 ). 

7. It is possible to describe the above algebras by their generators and relations. Even 
in the simplest case = sIat our approach yields the profound results f7|. 

It should be noted that our approach to the construction of algebras of differential 
forms is completely analogous to that of V. G. Drinfeld to the construction of the algebra 
of functions on a formal quantum group [T]. 

8. If we replace in the above construction the UqQ-modnle V with a highest weight 
vector by the t/gfl-module with a lowest weight vector, we obtain the algebra C[g_i]q of 
antiholomorphic polynomials on the quantum vector space g_i. 

The tensor product 

Pol(0_i), = C[0_i]g®C[0_i], 

is equipped with a structure of algebra by means of the universal R-matrix together with 
the corresponding " commutativity morphism" [I]: 

9. For the sake of passage from 'complex quantum Lie groups to real ones' equip the 
Hopf algebra UgQ with an involution: 

J 7^ Jo 

j = jo ' 

{Kfy = Kf\ ^,jG {!,...,/}. 

The involution in Pol(0_i)q presented in possess the property G UgQ, f G 

poi(0„i), iur = (smr- 

In the simplest case = SI2 one obtains the well known *-algebra given by the gener- 
ators z, z* and the relation z*z — q^zz* = 1 — [S]. 

The passage from the polynomial algebra to the algebra of continuous functions in the 
closure of a bounded symmetric domain is made by means of a C*-completion. In the 
special case of quantum disc this argument was used, in particular, in p. 



J 7^ Jo 
j = jo 
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In jO] the q-analogs for the basic integral representations of the function theory in the 
quantum disc were obtained. Besides, there are several results for the quantum ball [10 . 

10. Finally, we express our gratitude to V. P. Akulov for helpful discussions of the 
results of this work. 
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Abstract. We study q-analogues of matrix balls. A description of algebras of finite 
functions in the quantum matrix balls, an explicit form for the invariant integral in the 
space of finite functions, q-analogues for the weighted Bergman spaces, together with an 
explicit formula for the corresponding Bergman kernel, are presented. 

1 Introduction 

Hermitian symmetric spaces of non-compact type constitute one of the most important 
classes of homogeneous symmetric spaces. A well known result by Harish-Chandra claims 
that any such space can be realized as a bounded symmetric domain in a complex vector 
space V (via the so-called Harish-Chandra embedding). 

Irreducible bounded symmetric domains were classified by E. Cartan. They are among 
the important subjects in Lie theory, geometry and function theory. 

The first step in studying q-analogues of irreducible bounded symmetric domains was 
made in j2]. This work provides a q-analogue for the Harish-Chandra embedding and, in 
particular, a construction for q-analogues of the polynomial algebra and the differential 
calculus on V. 

Our subject is the simplest class among those q-analogues, the quantum matrix balls. 
In the classical case q = I the corresponding vector space V is the space Mat^.n of 
rectangle complex matrices, and the matrix ball is defined as 

U = {z e Mat™,„|zz* < 1}. 
This ball is a homogeneous space of the group SUn^m- 

Proofs of all presented results and also some results concerning the special case of 
quantum disc (n = m = 1) can be found in our electronic preprints (http:/ /xxx.lanl.gov/| ). 

2 Polynomials and finite functions in the quantum matrix ball 

Everywhere in the sequel g G (0, 1), m, n G N, m < ra, = m + ra. We use the standard 
notation sUn,m for the Lie algebra of the group SUn,m- 

The Hopf algebra UqSiM is determined by its generators {-E,, Fj, A'j^^}i=i,...,Ar-i and the 
well known Drinfeld-Jimbo relations [1 . Equip UgSi^ with the involution defined on the 

This lecture has been delivered at the 8-th International Colloquium 'Quantum groups and Integrable Systems' 
held in Prague, June 1999; published in Czechoslovak Journal of Physics 50 (2000), No 1, 175 - 180 
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generators K^^, Ej, Fj, j = 1, . . . , — 1 by 

^ ^ ' ^ ^ \ -KjFj, J = n ' J [ -Ej^j ^ J = n 

The Hopf *-algebra UqSUn,m = {UqSlN, *) arising this way is a q-analogue of the Hopf 
algebra UsUn,m- 

Remind some well known definitions. An algebra F is said to be an A-module algebra 
if it is a module over a Hopf algebra A, the unit of F is an invariant and the multiplication 
F ® F F, /i (8) /2 /i ■ /2, is a morphism of A-modules. In the case of a *-algebra F 
and a Hopf-*-algebra A, there is an additional requirement that the involutions agree as 
follows: 

(a/)* = {S{a)yr, aeA, feF, (2.1) 

with S : A —>■ A being the antipode of A. 

In a f/gSU„^m-module algebra Pol(Matm,n)q and its f/gSlAr-module subalgebra 
C[Matm,n]g Were introduced (the notation g_i was used in |gj instead of Matm,n)- These 
algebras are q-analogues of polynomial algebras in the vector spaces Mat^.n- We present 
below a description of these algebras in terms of generators and relations, together with 
explicit formulae for the t/gSlAr-action in C[Matm,n]g (corresponding explicit formulae for 
f^g5u„,m-action in Pol(Matm,n)g can be produced via ()2.1|) ). 

With the definitions of |2] as a background, one can prove the following two proposi- 
tions. 

Proposition 2.1 There exists a unique family {-z^ }a=i,...,n;o=i,...,m of elements of the 
UqSlN-module algebra C[Matm,n]g such that for all a = 1, . . . ,n; a = 1, . . . ,m 

{2z2 , a = n k. a = m 
, a = n a ^ m or a n &: a = m , (2.2) 
, otherwise 

p ^« _ ^1/2 j I , a = nka = m , . 

""^^ ~ ^ '10' otherwise ' ^ 

J^^z'^z" , a ^ n a ^ m 
EnZ^ = . ^ ^^m)2 ^ ^ _ ^ ^ ^ _ ^ ^ ^2.4) 

zl^z" , otherwise 



and with k ^ n 



z°' , k < n h a = k or k>nha = N — k 



a 



Hkz2 = { -zZ , k <nha = k^\ or k>nh(x = N -k^\ , (2.5) 
, otherwise 



-1 



k < n h: a = k 

Fkz2 = g^/^ ■ <i , k> nka = N -k , (2.6) 

otherwise 



k<nha=k+l 

Ekz'^ = . <j ^a-i \ k>nka = N-k + l . (2.7) 

otherwise 
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Remark. The elements {-f/j}j=i,..Af-i and {-ft"j}j=i,..Af-i are related as follows: 
(the exact definition of {Hj} one can find in 2j). 

Proposition 2.2 {2;"}a=i,...,n;a=i,...,m generate 'C\M.aXm,ri\q an algebra and Pol(Matm,n)g 
as a *-algebra. The complete list of relations is as follows: 

qz^z^ , a = h k, a < (3 or a < h k, a = (3 

^:4={ , a<bka>P , (2.8) 

zSz: + {q-q'^)z^z^ , a<bka<P 



n m 



— y ■ 

a',b'=l a',/3'=l 



with 6ab, 5"^ 6emg' i/ie Kronecker symbols and 

{q-^ , a^bkb = b' ka = a' 

/ i 1^ ' ''"Jr''/"!!' P / ■ (2-10) 

-(g^-1) , a = 6&a=6&a>a ^ ^ 

, otherwise 



Example. In the simplest case m = n = 1 the relations presented above describe a 
very well known [/gSUi^i-module algebra 

z*z = q^zz* + l-q^. (2.11) 

Consider the *-algebra Fun(I[J)q D Pol(Matm,n)q derived from Pol(Matm,n)g by adding 
a generator /o such that 

/o = /o=/o> (^a") Vo = /o;^: = 0, a=l,...,n; « = l,...,m. (2.12) 

(Relations ()2.12j) allow one to treat /o as a q-analogue of the function that equal to 1 in 
the center of the ball and equal to in other points.) 

Proposition 2.3 There exists a unique extension of the structure of a UqSUn^m-'m.odule 
algebra from Pol(Matm,n)g onto Fun(I[J)g such that 

HJo = 0, FJo = ^/o-(0% i?„/o = --^^r ■ /o (2.13) 

q ^ — I 1 — 

and with k ^ n 

Hkfo = Fkfo = Ekfo = 0. (2.14) 

The two-sided ideal D{V)g = Fun(U)g/oFun(U)g is a ?7gSU„^m-module algebra. Its 
elements will be called the finite functions in the quantum matrix ball. 
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3 Invariant integral 

It is well known that in the classical case q — 1 the positive (SC/n^^-invariant integral could 
not be defined on the polynomial algebra. However, it is well defined on the space of finite 
smooth functions. These observations are still applicable in the quantum case. 

Consider the representation T of Fun(lU)g in the space 7i = Fun(lU)q/o = 
Pol(Mat^,,)g/o: 

= /eFun(U)„ VeTi. (3.1) 

Remark. It can be shown that there exists a unique positive scalar product in 7i 
such that (/o, /o) = 1, and 

(r(/)V'i, ^2) = (Vi, r(/*)V'2), / e Fun(u)„ Vi, e n. (3.2) 

Moreover one can prove that the *-algebra Pol(Matm,„)g admits a unique up to uni- 
tary equivalence faithful irreducible *-representation by bounded operators in a Hilbert 
space. This *-represcntation can be produced via extending the operators T{f), f £ 
Pol{Ma:tm,n)q, outo the completion of the pre-Hilbert space TC. 

Remind the notation ?7qb+ for the subalgebra of UqSlN generated by the elements 
{Ei, i^f ^}i=i,...,iv-i- Obviously, 

Uqb+n c n, 

and thus we obtain the representation F of the algebra Uqb+ in H. Let also 

N-l 

P = 2E^'(^-^W- (3.3) 

Proposition 3.1 The linear functional 

J fdi^ = tr{T{f)T{q-'n), f G D(U)„ (3.4) 

is well defined, UgSUn^^-invariant and positive (i.e. J Pfdv > for f ^ 0). 



4 Weighted Bergman spaces and Bergman kernels 

Our intention is to produce q-analogues of weighted Bergman spaces. In the case q — 1 
one has 



det(l - zz*) = 1 + ^(-l)'=z^'=z*^^ (4.1) 



k=l 

with z^^, z*^^ being the "exterior powers" of the matrices z, z*, that is, matrices formed 
by the minors of order k. 

Let 1 < ai < a2 < ■ ■ ■ < Oik < m, 1 < Qi < a2 < ■ ■ ■ < ttk < n. Introduce q-analogues 
of minors for the matrix z: 

AfeW."2,.-,«fe} _ "Sp/ y(s) «s(2) as(k) / . 

2 {ai,a2,...,afe} ~ ^) ■ ■ ■ Zat , y^-^) 

seSk 
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with /(s) = card{(2, j)| i < j & s{i) > s{j)} being the length of the permutation s. 
The q-analogue y G Pol(Matm,n)g for the polynomial det(l — zz*) is defined by 

m 

i/ = i + E(-i)' E E (4.3) 

fc=l {J'l card(J')=fc} {J"\ card(J")=fc} 

Let A > m + n — 1. Now one can define the integral with weight y''* as follows: 

fdi^x = C(A) J fy^du, f e Z^(U)„ (4.4) 

71—1 m— 1 » 

where C(A) = H 11 " ^2(a+i-7V)^20+/=)^ provides / Idu^ = 1. 

The Hilbert space L'^{dux)q is defined as a completion of the space D{\])q of finite 



functions with respect to the norm 



. The closure L'^{dh'x)q in 



L'^{dh'\)q of the algebra C[Matm,n]g will be called a weighted Bergman space. 

Consider the orthogonal projection Px in L'^{dh'x)q onto the weighted Bergman space 
L'^{di>x)q- Our goal here is to show that Pa could be written as an integral operator 

Pxf = J Kx{z, OfiOdiyxiC), f G D{\])q. (4.5) 



The main intention of this section is to introduce the algebra C[[Matm,n x Matm,n]]g 
of kernels of integral operators and to determine an explicit form of the Bergman kernel 
Kx e C[[Mat^,„ X M^^,n]]r 

Introduce the notation 



K= Yl E z-'j,,®(z^'jA ' . (4.6) 



''^t^i^:-' J"c{l,2,...,n} 
card (J") = i 



Let C[Matm,n]g C Pol(Matm,n)q bc the unital subalgebra generated by (z^)*, a = 
1,2, ... ,n, a = 1,2, ... ,171, and C[Matm,„]°P the algebra which differs from C[Matm,n]g 
by a replacement of its multiplication law to the opposite one. The tensor 
product algebra C[Matm,n]g'' ® C[Matrrt,n]q will be called an algebra of polynomial kernels. 
It is possible to show that in this algebra hihj = hjhi for all i,j = 1,2, ... ,m. 

We follow 12] in equipping Pol(Matm,n)g with a Z-gradation: deg(2;") = 1, deg((z°)*) = 
— 1, a = 1,2, . . . ,n, a = 1,2, . . . ,m. In this context one has: 

oo oo 

C[Mat„,„]°P = C[Mat„,„]°P, = C[Mi^t^,„,],,_„ (4.7) 

i=0 j=0 
oo 

C[Mat„,„]°P ® C[M^^,„], = C[Mat™,„]°P ® C[JM.m,n],,~j- (4.8) 

i,j=0 
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The kernel algebra C[[Matm,ri x Matm,n]]g will stand for a completion of C[Matm,n]g^ ' 



C[Matm,n]g in the topology associated to the gradation in ()4.8p . 

Proposition 4.1 Let K\ he an element of the algebra C[[Matm,n x Matm,n]]i} defined by 

00/ m \oo/ m X^"'^ 

j=0 \ i=l J j=0 \ 1=1 / 

Then holds. 

Remark. A q-analogue of the ordinary Bergman kernel for the matrix ball is derivable 
from ()4.9|) by a substitution A = m + n: 



i=o \ i=l ' 



— (m+n) 
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1 Introduction 

Let Matm,n be the space of complex n x m matrices. We denote by z", a = 1, . . . ,n, 
a = 1, . . . ,m the standard coordinate functions on Matm,n given by the matrix entries. 
Let C[Matm,n] stands for the space of polynomials on Matm,n (i- e. polynomials in z"'s). 
We recall that the Fock inner product in the space C[Matm,n] is defined by 

{P,Q)^= j P(Z)g(Z)e-*'-(™')rfZ (1.1) 

with Z = (z") and rfZ being the Lebesgue measure on Matm,n such that 

(1,1)f = 1- 

The inner product possesses the following remarkable property 

(|^,q)^ = (^,^:Q)f Va,a, (1.2) 

which allows us to rewrite the product in the differential form 

(P,Q)^ = 9p(g)(0) (1.3) 

where dp stands for the differential operator with constant coefficients derived from the 
polynomial P by substituting jf^, a = 1, . . . , n, a = 1, . . . , m, and Q stands for 

the polynomial derived from Q by changing the coefficients in the monomial basis to the 
complex conjugate ones. 

At first glance, there is no necessity to involve the matrix space Matm,n into the 
definition of the Fock inner product since the definition depends on the dimension m ■ 
n of Matm,n only (indeed, tr(ZZ*) coincides with the usual Euclidean norm under the 
natural identification Mat^.n — C"^^). Our motivation comes from the theory of bounded 
symmetric domains (see, for instance, PP). Suppose D C is a bounded symmetric 
domain. One associates to D a Euclidean norm || ■ || in and then the Fock inner 
product in the space of polynomials on C^: 
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(P, Q)f = j P(z)Q(z)e^"^"'rfz 

with z = (^1,22, . . . ,Zfi) and dz being the Lebesgue measure on normahzed by the 
same condition as in (jl.lj) . Let G be the group of biholomorphic automorphisms of 
D and K G G the stationary subgroup of the center G D. Then 7^ is a compact 
subgroup in GL{d), and the Fock inner product is invariant under the induced action 
of K in the space of polynomials on C^. The same may contain different bounded 
symmetric domains, and even if the associated Fock inner products coincide, the choice 
of a particular bounded symmetric domain indicates the symmetry group of the inner 
product. For example, by using the notation Matm,n we indicate the connection of the 
inner product (ll.lj) to the matrix unit ball T)m,n = {Z | ZZ* < 1} C Matm,n- The ball, 
we recall, is a homogeneous space of the group SU{n,m), and the stationary subgroup 
of the zero matrix is S{U{n) x U{m)). The action of the latter group in C[Matm^„] is 
described explicitly by 

P^(Z) = P(^*Z^7i), g = (91,92) e SiUin) X f/(m)), 

and the invariance of the Fock inner product is written as follows 

(P^ , g^)^ = (P , Q)^ , E SiUin) x t/(m)). (1.4) 

It worth noting that easy computability and the invariance of the Fock inner product 
make it extremely useful in function theory on bounded symmetric domains. 

We turn now to the subject of the present paper. It is known that the algebra 
C[Matm,n] has a non-commutative counterpart C[Matm,n](j studied in quantum group the- 
ory. The latter algebra is the unital algebra given by its generators z^, a = l,...n, 
a = 1, . . .m, and the following relations 

{qz^z^ , a = h k, a < 13 or a < h Sz, a = [5 

z^z^ , a<bka> P , (1.5) 

z^,z^ + {q-q-')z^,z^ , a < 6 & « < /? 

Throughout the paper q is supposed to be a number from the interval (0; 1) and the ground 
field is C. 

Around five years ago L.Vaksman and S.Sinel'shchikov [9^ constructed certain analogs 
of bounded symmetric domains in framework of quantum group theory. Namely, they 
associated to a bounded symmetric domain D in a complex vector space V certain non- 
commutative algebras C[l^]g, Po\{V)g, which they treated as the algebras of holomorphic 
resp. arbitrary polynomials on the quantum vector space V. The algebras of continuous 
or finite functions on the quantum bounded symmetric domain D are derived then from 
Pol{V)q via some completion procedure. Further investigation has shown ^ ^ that in 
the case of the matrix unit ball (i.e. in the case V = Mat.m,n) the corresponding algebra 
of holomorphic polynomials from is just the algebra C[Matm,n]g- 

It turned out ^ IS] that many constructions and problems of classical function theory 
in bounded symmetric domains admit natural generalization to the quantum setting. 
Thus, it is reasonable to expect that there should be an appropriate g-analog of the Fock 
inner product and that it will serve the same purposes as its classical counterpart does. 
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The aim of the present paper is to present a candidate for that g-analog in the case of the 
quantum matrix space Matm,n- 

The structure of the paper is as follows. In the next section we formulate our main 
results. Sections 3, 4, and 5 contain an auxiliary material concerning quantum group 
symmetry. Specifically, in section 3 we discuss the notions of module algebras and modules 
over module algebras. In sections 4,5 we describe an action of a quantum group in algebras 
and spaces we deal with. The proof of the main results is given in section 6. 

The author is grateful to L. Vaksman for numerous interesting discussions of the 
results. 



with 



2 Statement of main results 

The equality (jl.2|) served for us as a guide when we were looking for a g-analog of the 
Fock inner product. The point is that there are natural quantum analogs of the partial 
derivatives -S^. They are constructed by using a first order differential calculus over the 

algebra C[Matm,n]q- Let us recall a definition of that differential calculus. Let A^(Matm,n)g 
be the C[Matm,n]g-bimodule given by its generators dz'^, a = 1, . . .n, a = 1, . . .m, and 
the relations 

m n 

4dz:=Y: (2-1) 

a',f3'=l a',b'=l 

, a = b = a' = b' 

b'a' _ ) 1 , a^bka = a'kb = b' , . 

^ba - S ^ ^ < 5 ^ ^ _ ^/ ^ b = a' ■ ^ ^ ^ 

, otherwise 

The map d : i— > dz^ can be extended up to a linear operator d : C[Matm,n](; 
A-'^(Matm,n)(j satisfying the Leibnitz rule. The pair (A-'^(Matm,n)g5 c^) is the first order 
differential calculus over C[Matm,n]g- It worth noting that this first order differential 
calculus coincides with certain 'canonical' one, defined in p. 

The g-analogs of the partial derivatives may be defined now via the differential d as 
follows: 

^/ = EE7r^^^"' / e C[Mat„,„],. 

a=l a=l 

It is reasonable to rise the question about existence of an inner product in C[Matm,n]g 
with the property ()1.2|) where the classical partial derivatives are replaced by the quantum 
ones. If such an inner product existed we would have the algebra antihomomorphism 

C[Matm,n], ^ C[d]„ ^a^-^, Va, « (2.3) 



■'a 



where C[5]g stands for the algebra of quantum differential operators with constant coeffi- 
cients (i.e., the unital algebra of linear operators in C[Matm,n]g generated by the quantum 
partial derivatives). However, in reality ()2.3j) is the algebra homomorphism, that is, the 
partial derivatives satisfy the same relations as the generators of C[Matm,n](} do. To prove 
this, one should use the higher order differential calculus over C[Matm,n]i} associated to 
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the first order one [HI El EI- Specifically, let A(Matm,n)g be the unital algebra given by its 
generators z^, dz^, a = 1, . . .n, a = 1, . . .m, satisfying (jl.5j) . (|2.1|) . and the relations 

m n 

dzSdz: = -j2 E (2-4) 

a',f3'=l a',b'=l 

with R defined by ()2.2j) . The algebra admits the natural grading by degrees of differential 
forms. There exists a unique extension of the differential d : C[Matm,n](j A^(Matm,n)g 
to a linear operator d : A(Matm,n)q A(Matm,n)g which satisfies the (graded) Leibnitz 
rule and the property d"^ = 0, which implies, in particular, d : dz'^ ^ (for all a, a). The 
property means 

" " (9 (9 
E E d^d^^f^^'y^"^' =0' ^ C[Mat^,„],. 

a,a'=l a,a'=l " 



This equality and the relations ()2.4j) imply the desired commutation relations between 
the quantum partial derivatives: 



d d 



^'qT^ ' 0. = b Sz a < P or a <h k. a = (5 



a' d 



dz'^ dz, 



a <h k. a> (5 . (2.5) 



Thus we can't expect existence of an inner product in C[Matm „]q satisfying the prop- 
erty p.2j) . However, the relations ()2.5p suggest a way to overcome the problem: one can 
try to look for such an inner product which makes the operator -S^ conjugate to the 
operator of right multiplication by z^ in C[Matm,n]g- Such an inner product turned out 
to exist, and this observation is one of the main results of the paper: 

Theorem 2.1 There exists a unique inner product {■ , ■ )f in C[Matm,n]g satisfying the 
properties 

(1,1)^ = 1, (2.6) 
^.Q^ ^ = {P,Q-z:)^ ^a,a. (2.7) 

Note that uniqueness follows immediately from the two properties since any partial deriva- 
tive is an operator of degree —1 with respect to the natural Z+-grading in C[Matm,n]q by 
powers of monomials. 

Our next result may be formulated as follows: the inner product ( ■ , ■ )i7' is invariant 
with respect to an action of the quantum group S{U (n) x U (m)) in C[Matm,n]g- To present 
a precise formulation, we need some preparation. 

Let us recall the notion of the Drinfeld-Jimdo quantized universal enveloping algebra 
of sl{k). Let (aij) be the Cartan matrix for sl{k). The Hopf algebra Uq5l{k) is determined 
by the generators Ei, Fi, Ki, K~^, i = l,...,/c — 1, and the relations 

K,K, = K,Ki, KiK-' = K-'Ki = 1, K^Ej = q^^^E.K,, 
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EfEj -(q + q-^)E,E^Ei + E^Ef = 0, |i - j| = 1 (2.8) 
FfF^ - + q-')FiFjF, + F^Ff = 0, \i - j| = 1 

The comultiplication A, the antipode S, and the counit e are determined by 

A(E,) =Ei®l + Ki®Ei, A{Fi) = ® i^ri + 1 ® F,, A(ir,) = i^, ® iT^, (2.9) 



5(F,) = -i^-^F„ ^(F,) = -F,K„ S{K,) = K-\ (2.10) 
£(F,) = £(F,) = 0, e{Ki) = 1. 

Let Uq{sl{n) ©s[(m)) stands for the Hopf algebra UqSl{n) ® UqSl{m). 

Recall the standard terminology. Let ^4 be a Hopf algebra. An algebra F is said to be 
an A-module algebra if F carries a structure of A-modulc and multiplication in F agrees 
with the A-action (i. c. the multiplication F ^ F ^ F is a morphism of A-modules). 

The algebra C[Matj„^ji]g possesses the well known structure of ?7g(sl(n)©s[(m))-module 
algebra: 



= I 

a — i-\-l 
otherwise 



— 1 a 

q z 



a 1 
a 



a = m — J 

a^m-j + 1 , (2.11) 
otherwise 



Fi^i{z:) 



0, otherwise ' 



a = m — J 
0, otherwise ' 



(2.12) 



E,®l{zJ-^ 0^ otherwise ' q, otherwise 

(2.13) 

The Hopf algebra f/gS(gl(n) © gl(m)) is derived from Ug{si{n) ©5[(m)) by adding the 
generator Kq, commuting with the other generators and satisfies the properties 

A{Ko)^Ko^Ko, S{Ko)^K^\ e{Ko) ^ 1. (2.14) 

Let us extend the Uq{sl{n) © s[(m))-module algebra structure in C[Mat^,„]g to a 
UqS{Ql{n) © 0l(m))-module algebra structure as follows: 

Ko{z^) = q''+"'z^ ya,a. (2.15) 

The *-Hopf algebra Uq{su{n) © su(m)) is the pair {Uq{sl{n) © sl{m)), *) with * being 
the involution in Uq{sl{n) ®5l(m)) given by 



{Ei 1)* = KiFi ® 1, {Fi (g) 1)* = EiKr^ (g) 1, {Kf^ ® 1)* = Kf' (g) 1, 
{l^Ej)* ^l^KjFj, {l®FjY ^l®EjKj\ {l®KfY ^l®Kf. 

This involution is extended to an involution in UqS{Q[{n) © 0t(m)) by setting = Kq. 
The resulting *-Hopf algebra {UqS{Qi{n) © 0t(m)), *) is denoted by UqS{u{n) © u(m)). 
Now we are ready to formulate the invariance property of the g'-Fock inner product. 
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Theorem 2.2 The inner product {■ , ■)p is UgS{u{n) (B u{m)) -invariant, i.e. 

(^{P),Q)^ = {P,CmF (2.16) 
for all P,Q e C[Matm,n\q and ^ e UqS{Qi{n) © Qi{m)). 

Our proof of the above two theorems is based on the following more or less explicit 
description of the g-Fock inner product. 

Consider the unital involutive algebra V{m,n)g with the generators 2°, a = 1, . . .n, 
a = 1, . . . m, satisfying ()1.5p and the relations 



n m 



/3 

a',b'=l a',/3'=l 



with 6 ah, being the Kronecker symbols and 

1 , a^hkh = h'ka = a' 

jDb'a' _ I 1 , a = b = a' = b' (o tq^ 

^ba -S q-q'^ , a = bka' = b' ka' > a ' ^ 
, otherwise 

Clearly, the algebra C[Matm,n]g is embedded into V{m,n)q. 

It worth noting that the algebra V{l,n)q is isomorphic to the well known twisted 
CCR-algebra introduced by W.Pusz and S.Woronovicz [3]. For arbitrary m and n the 
algebra is isomorphic to the algebra Pol(Matm,n)g of polynomials on the quantum matrix 
space jlj. A precise definition of Pol(Matm_„)g and a description of the isomorphism are 
to be found in Section 4. 

Let us consider the P(m, n)q-module H given by its unique generator e^ac and the 
relations {z^Ye^ac = for all a and a. The aforementioned isomorphism V{m,n)q = 
Pol(Matm,n)g allows us to use results from [HIH] to derive the following statements concern- 
ing V{m,n)q. First of all, the multiplication map m : V{m,n)q ® V{m,n)q — >■ V{m,n)q 
induces the isomorphism of vector spaces C[Matm,n]g ® C[Matm,n]g — ^ 'P{m,n)q with 
C[Matm,n]g = {/* | / G C[Matm_„]g} (uote that surjectivity is a simple consequence of the 
relations (j2.17j) ). Thus 

H = C[Mat„,„],e„,,. (2.19) 
Further, there exists a unique inner product in H so that 

(1,1) = 1, (/ei,e2) = (ei,re2) (2.20) 

for any / G V{m,n)q and 61,62 G H. The equality ()2.19p allows us to regard the inner 
product as the one on C[Matm,n]g. 

Theorem 2.3 The inner product {■ , ■) in C[Matm,n]q coincides with ( ■ , ■)f, that is 

dP 



g =(P,g.<) Va,a. (2.21) 
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Though we'll present a complete proof of the theorem, it still seems to be somewhat 
mysterious since it relates two, at first glance, different quantum analogs of the Weyl 
algebra: V{m, n)q and the algebra generated by quantum partial derivatives and the 
operators of right multiplication by 2;"'s (we'll denote the latter algebra by Am,n{^)q)- 

Let us explain very briefly a logic of the proof of the three theorems. Obviously, 
theorem 3 implies theorem 1. In section 6 we express the inner product ( ■ , ■ ) through 
another one denoted by ( ■ , ■ ). The latter inner product is obviously invariant and this 
gives us theorem 2. Thus, the relation ()2.21|) is, in a sense, central in the paper, and most 
of section 6 is devoted to its proof. 

3 Quantum symmetry 

The aim of this section is to remind some general notions from quantum group theory. 

In this section A denotes a Hopf algebra with the comultiplication A, the antipode S, 
and the counit e. An algebra F is said to be an A-module algebra if F carries a structure 
of A-module and multiplication in F agrees with the A-action: 

e(/i-/2) = X^e;(/i)-e;(/2), /i,/2eF, eeA ^e;®e; = A(0 (3.1) 

j j 

(i. e. the multiplication F ® F ^ F is a, morphism of A- modules). If A or F have some 
additional structures, this definition includes some extra requirements. For example, if F 
is unital, one requires A-invariance of the unit: 

e(i) = £(o-i, eeA 

In the case of a *-algebra F and a *-Hopf algebra A one imposes the requirement of 
agreement of the involutions: 

m)y = s{iy{n, ^^aj^f (3.2) 

Some examples of module algebras naturally appear in representation theory and har- 
monic analysis. 

Suppose a smooth manifold X is acted by a Lie group G. This induces an action 
of the Lie algebra g of G in the space C°°{X) by means of vector fields. In turn, the 
g-action induces an action of the universal enveloping algebra f/g in C°°{X) by means of 
differential operators. The usual Leibnitz rule means that C°°(X) is a f/g-module algebra. 

Another important example of a module algebra is the algebra of linear endomorphisms 
of a vector space, acted by a Hopf algebra. Let V be an A-module. Endow the space 
Endc(K) with a structure of A-module as follows: 

ade(T) = 5^e;.-T-5(e;'), (3.3) 

j 

where ^ G A, T G Endc(^), A(^) = ^ S is the antipode of A, and the elements in 

j 

the right-hand side are multiplied within the algebra Endc(V^). It follows from elementary 
properties of Hopf algebras that this action of A makes Endc(y) into an A-module algebra. 

Now turn to another important notion, namely, that of modules over module algebra. 
Let F be an A-module algebra and M be a left (right) F-module. Then M is said to 
be an A-module left (resp. right) F-module, if M carries a structure of A-module and 
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the multiplication F ® M ^ M (resp. M ® F M) agrees with the A-action, that is, 
F ® M ^ M (resp. M ® F M) is a morphism of A-modules. 

Let again X be a smooth manifold acted by a Lie group G, and T*X — ^ X be the 
cotangent bundle. T*X inherits a natural G-action. Then the space of smooth sections 
of the bundle (i.e. the space of 1-forms) is acted by the universal enveloping algebra f/g, 
and the action agrees with multiplication by smooth functions. Thus, 1-forms constitute 
a f/g-module left (as well as right) G°°(X)-module. 

Let V be an A-module, and Endc(V^) is given with a structure of A-module as in (j3.3p . 
It is straightforward that the natural action T ®v ^ T{v) makes V into a yl-module left 
Endc(^)-niodule. 

Observe that the latter example is quite general. Indeed, let F be an A-module algebra 
and M an A-module left F-module. The multiplication F ® M ^ M induces the natural 
algebra homomorphism F — ^ Endc(M). It is easy to verify that this is a morphism of 
A-module algebras (here Endc(M) is viewed with the A-module structure given by ()3.3|) ). 

Finally, let us agree about the following useful notation. Suppose F is an algebra and 
an A-module. If, instead of (j3.1|) . we have 

e(/i-/2) = 5^^;'(/i)-e;(/2) VA,/2GF, ieA (3.4) 

i 

(with Ylij i'j ® i'j = ^iO) then we call F an A°P-module algebra. Similarly, suppose F is 
an y4°P-module algebra and M is a left (right) F-module and an A-module. Then M is 
said to be an y4°^-module left (resp. right) F-module, if the multiplication F ^ M —>■ M 
(resp. M ® F M) satisfies the property 

^(/■m) = ^^;'(/)-e;(m) V/GF, m G M, ^eA 

i 

(resp. e(m-/) = E,ejM-eK/))- 

An important example of A^^-module algebras is constructed as follows. For an A- 
module V the space Endc(V^) admits the following alternative structure of A-module: 

B.d!i{T) = Y,i';.T.S-\i'^). (3.5) 

i 

This A-action makes Endc(V^) into an 74°^-module algebra, and the natural action T®v ^ 
T{v) makes V into an A^^-module left Endc(^)-niodule. 

Some important examples to the aforementioned notions appear in the next sections. 

4 Examples of quantum symmetry: functions in the quantum matrix ball 

In this section we describe some non-trivial examples of a quantum group action in alge- 
bras. The algebras we deal with in this section are treated as the algebras of functions on 
certain quantum G-spaces. 

The first example of a module algebra already appeared in section 2. There we de- 
scribed a well known structure UqS{Q[{n)®Q\.{rri))-mod\i\e algebra structure in C[Matm,n]g- 
It is observed in |4j that this [/gS(g[(?T,)©0[(m))-module algebra structure may be extended 
to a [/qSl(n + m)-module one. First, we have to explain in what sence the latter structure 
extends the former one. The point is that there is a natural embedding of Hopf algebras 
UqS{Q[{n) © fll(m)) ^ Uq5l{n + m) determined by 
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l®Ej^ En+j, l®Fj^ Fn+j, 1 ® Kf ^ K^l-, 

n—l m—1 

i=i j=i 

We also recall one the notation UqSu{n,m) for the *-Hopf algebra {UqSi{n + m),*) 
where the involution is defined as follows 

^ ^ ' ^ \ -^i^v J = ^ ^ I -EjKj , J = n 

One verifies easily that the above embedding respects the involutions in UqS{u{n) ©u(m)) 
and Uq3u{n,m). Let us agree to use the notation UqS{gl{n) © Ql{rn)) {Uq3{u{n) © u(m))) 
to denote the image of the above embedding, i.e. the corresponding Hopf (resp. *-Hopf) 
subalgebra in UqSl{n + m) (resp. Uq3u{n,m)). 
It follows from ^UT^ and (IZTH|) that 

{q^z^ , a = n k, a = m 
qz^ , a = n a m or a ^ n a = m . (4.1) 
, otherwise 

To describe the UqSiin + m)-module algebra structure in CfMatm.n]^ completely, we 
have to add to ()2.11|1 . (j2.12|l . (j2.1Hp . and ()4.1|1 formulae for the action of the generators 
En and 

F ^« _ / ^ a = nka = m , . 

" \ , otherwise ' ^ ' 

{—q^^^'^z^Zn , a ^ n h a ^ m 
, a = n&a = m . (4.3) 
—q^l'^z^z'^ , otherwise 

Let us say few words about the nature of the above t/5S[(n + m)-action in C[Matm,n]g- 
Its classical counterpart admits the following description. As it is noted in Introduction, 
the vector space Matm,n contains the so called matrix ball Dm,n = {Z | ZZ* < I}. The 
group SU {n, m) acts in T>rn,n via biholomorphic automorphisms. Thus, elements of the 
universal enveloping algebra Usu{n,m) (and hence of its complexification U5l{n + m)) 
act in the space of holomorphic functions in Dm,n by means of differential operators. The 
differential operators have polynomial coefficients and, therefore, preserve the subspace of 
polynomials. This t/sl(n + m)-action is the 'classical limit' of the above f/gS[(r2 + m)-action 
in C[Matm,n]g. 

The algebra CfMatm.ri]^ is a particular case of some algebras constructed in (see 
Introduction). Let us recall here the description of C[Matm„]g given in P (see also 

m- 

Let us consider the generalized Verma module V{0) over UqSl{n + m), given by its 
generator v{0) and the relations 

Eiv{0)=0, Kiv{0)=v{0), \fi, (4.4) 
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F,v{0) = 0, ij^n. (4.5) 

Viewed as a UqS{Ql{n) © g[(m))-module, the space V{0) splits into direct sum of its finite 
dimensional UqS{Ql{n) © gl(m))-submodules V{0)-k, k G Z_|_, with 

V{0)^k = {v eV{0)\ KqV = q^''+"'^''v} (4.6) 

(here, we recall, Kq = K^i"^ ■ Yl7=i ■ ]\J=i K+f'^)- Denote by 1^(0)* the graded dual 
UqS{{n + m)-module: \/(0)* = 0,^^^ (V^(O)-fe)* . 

Let us equip the tensor product V^(0) © V^(0) with a f/qS[(n + m)-module structure via 
the opposite comultiplication 

avi®V2) = 5^e;K) ® e;(^2), e e f/,sl(n + m), t;i,t;2 G \/(0). (4.7) 

i 

The relations (j4.4j) . (|4.5|) imply that the maps v{Qi) t— f (0)©f (0), f (0) 1 are extendable 
up to morphisms of UqSl{n + m)-modules A_ : F(0) K(0) © V'(O), £_ : 1^(0) C. It 
can be shown that A_ and e_ make ^(0) into a coassociative coalgebra with a counit. 
Thus, the dual maps m = (A_)* : V{0)* © 1^(0)* ^ 1^(0)*, 1 = (e_)* : C ^ 1/(0)* make 
1^(0)* into an associative unital algebra. Moreover, the product map m is a morphism of 
UgSl{n + m)-modules and the unit 1 is UgSl{n + m)-invariant, i.e. 1^(0)* is a UgSl{n + m)- 
module algebra. It turns out to be isomorphic to C[Matm^„]g [4 . 

Remind the notation Pol(Matm,n)g for the algebra of (not necessary holomorphic) 
polynomials on the quantum matrix space (see section 2). This algebra is the unital 
involutive algebra with the generators z", a = 1, . . . n, a = 1, . . . m, satisfying (jl.Sp and 
the relations 

n m 
a',b'=l a',P'=l 

(the matrix R is given by (j2.18p ). As we stated in section 2, Pol(Matm,n)i} is isomorphic 
to the *-algebra V{m,n)g: the isomorphism J : Pol(Matm,n)(j 'P{m,n)q is determined 
hj J : z2 ^ {1 — Q'^)2-2" for all a and a. 

The algebra Pol(Matm.n)g is a particular case of involutive algebras introduced in ^ . 
It follows from a general result of jH] that there exists a unique structure of UqSu{n, m)- 
module algebra in Pol(Mat„^,„)5 so that (ITTT|) . ^TT^ . dHH), (jOl), (jO)) hold. 

This means that we may use the relation ()3.2j) to 'transfer' the UqSl{n + m)-action from 
the subalgebra C[Matm.,n]g C Pol(Matm,n)g to the subalgebra C[Matm„]g = {/* | / G 
C[Matm_Jg} C Pol(Matm,n)g of 'autiholomorphic' polynomials, and the resulting UqSl{n + 
m)-action respects the commutation relations ()4.8|1 . 

The following example of a UqSu{n, m)-module algebra appeared for the first time in 
jlj. Let us add to Pol(Matm,n)g one more generator /o such that 

/o = /o' = /o> «)*/o = /o< = 0, Va,a. (4.9) 

The relations allow us to treat /o as a q-analogue of the function, which is equal to 1 
in the center of the matrix ball „ and to in other points. We denote the *-algebra 
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by Fun(Dm,n)g- There exists a unique extension of the structure of a UqSu{n, m)-module 
algebra from Pol(Matm,n)g to Fun(Dm,n)g such that 

Knfo = fo, i^„/o = -^^^/o-(^")*, E./o = -Y^^:r ■ /o, (4.10) 

(irf - l)/o = F,/o = i?,/o = 0, jj^n. (4.11) 

Obviously, the two-sided ideal r'(Dm,n)g=Fun(Dm,ri,)g • /o ■ Fun(Dm,n)g is a ?7gSu(n, m)- 
module algebra. We call its elements finite functions in the quantum matrix ball Dm,n- 

In this section we dealt with module algebras of functions on quantum G-spaces. The 
next section is devoted to a module algebra of a completely different nature. 

5 Example of quantum symmetry: g-Weyl algebra 

In this section we present a remarkable structure of UqSl{n + m)''^-module algebra in the 
g-Weyl algebra Am,n(C)g (see section 2). The contents of this section is closely related to 
that of paper [7j. However, the g-analog of the Weyl algebra, treated here, differs from 
that considered in [7]. 

Remind that Am,n{.^)q is the unital subalgebra in Endc(C[Matm,n]g) generated by the 
g-partial derivatives -rf^ and the operators z° of right multiplication by z". 

Consider the structure of a UqSl{n + m)-module in Endc(C[Matm,n]g) given by ()3.5|) . 
The following observation plays an important role in our proof of the main results. 

Proposition 5.1 Am,n{'C)q is a UqSl{n + m)-suhmodule in Endc(C[Matm,n]g) ■ The in- 
duced Uq5l{n + m)- action makes Ajn,n{'C)q into a UqSl{n + m)°^ -module algebra. 

Proof. The second statement is a straightforward consequence of the first one since any 
invariant subalgebra in a module algebra is automatically a module algebra. Let us proof 
the first statement. 

We have to explain that for arbitrary ^ G UqSl{n + m) and a, a 

ad'e(4") e A^,„(C)„ (5.1) 

ad'e(^) G A^,n{C)q. (5.2) 

Note that ()5.H) is a simple consequence of UqSl{n + m)-moduleness of the algebra 
C[Matm,n]g. Let us prove ()5.2|) . 

The crucial role in the proof plays ?7gS[(n + m)-covariance of the first order differential 
calculus (A^(Matm,n)g, c^) (see section 2) observed for the first time in 0. The covariance 
means that there exists a unique structure of UqSl{n + m)-module in A^{Matm,n)q such 
that the differential d is a morphism of the Uq5l{n + m)-modules and A^(Matm,n)(j is a 
UqSl{n + m)-module C[Matm,n]g-bimodule. 

That d : C[Matm,n](} A-'^(Matm_„)q intertwines the UqSl{n + m)-actions may be 
written as follows 




/ G C[Mat„,„]„ e e UgSl{n + m). 
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Since A^(Matm,n)g is, in particular, a Uq5l{n + m)-modu\e left C[Matm,n]g-module, we 
may rewrite the latter equality: 



j:(a,{f,]uMd4)^Y.i^d.: (5.3) 

b,l3 \ b / c,7 



(here and further in the proof ^(i) ®^(2) stands for A(^); similarly, ^(i) ®^(2) ®^(3) stands 
for 1 O A(A(0) = A (g) 1(A(0) and so on). 

It is noted in ,4j that A^(Matm,n)g is a free left C[Matm,n]f,-niodule with the generators 
dz^, a = l,...n, a = 1, . . . m. Thus, for any r] G Uq5l{n + m) there exist elements 
/^'"(r/) e C[Matm,n]g, a, 6 = 1, . . . n, a, /5 = 1, . . . m, such that 

Thus, we may rewrite ()5.3p as follows: 

di{f) 



b,l3 \ J c,-i 



dz, 



dz^ 



or, in terms of operators in C[Matm,n]5, 



d d 



where TZf stands for the operator in C[Matm^„]g of right multiplication by / G C[Matrri,n]g- 
Now we are ready to prove ()5.2|) . By the definition 

()5.4|) implies 

d d 
Observe that for any / G C[Matm,n]g and any rj G UqSl{n + m) 
Thus 

d d 

b,P ^^b b,l3 ^^fe 

What remains is to take into account the equality 

^(1) ® ^(3)5^^(^(2)) ® ^(4) = ^(1) ® ^(2). 

We finally get 



ON A Q-ANALOG OF THE FOCK INNER PRODUCT 



85 



''^«(4)(/^::{s-HC{i)))) ■ ^(3) ■ s '(^(2)) ■ — ^ - ^5(2) (/^;: (5-1 (5(1)))) ■ 

b,/3 ^^b b,/3 ^^b 

This finishes the proof of the proposition. ■ 

It is not very difficult to describe the UqSl{n + m)-action in Am,n{C)q explicitly. But, 
for the purposes of the present paper, we need only the following partial result. 
Impose the notation 

L = linear span of {z"}a,a C C[Matm^„]q, 

L' = linear span of C Endc(C[Matm,„]g), 

f d 1 

L" = linearspanof < — > C Endc(C[Matm,n]f;)- 

I "^^a J a,a 

Note that L is a (finite dimensional) Ug5{gl{n) © 0[(m))-submodule in C[Matm,n]g due 

to ^rn} . (jni, (IZIl, (mi). 

Proposition 5.2 

i) The map t— > z^, a = 1, . . . ,n, a = 1, . . . ,m is extended to an isomorphism of the 
UqS{Ql{n) © Q[{m)) -modules j' : L ^ L' ; 

a) the map z'^ t— > a = 1, . . . , n, a = 1, . . . , m is extended to an isomorphism of 
the vector spaces j" : L ^ L" , satisfying the following intertwining property: 

j"{m) = ad'a;(0(j "(/)), ^ e Ug5{gl{n) Q) gl{m)) , f e C[Mat^,J,. (5.5) 

Here ui is the automorphism of UgS{gl{n) ©g[(m)) (the Chevalley involution) given by 

u{Ei) = -F„ uj{Fi) = -E,, uj{Kf') = Kf^- 

Hi) is a primitive vector in the UgSl{n + m)-module Endc(C[Matm,n]q).' 

, f d \ J Q'~^afr ! j = l or j = n + m — 1 
"""^'^'[dziJ^X ii^' , otherwise 

Proof. Statement i) follows immediately from the f/gS[(ra + m)-moduleness of the algebra 

C[Matm,n]q- 

Let us prove statement ii). First of all, let us prove that L" is a (finite dimensional) 
UqS{Ql{n) © 0[(m))-submodule in Endc(C[Matm,n]g)- 

We have derived the following formula for the action of UqSi{n + m) on g-partial 
derivatives (see the proof of the previous proposition): 

"""^'^ V^;^) " 5Z^«(2)(/^::(5-(C(i)))) • ^ (5-6) 
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where TZj stands for the operator in C[Matm,n]5 of right muhiphcation by /, and the 



functions fp^iv) ^^re defined by means of the equahty 

Vidz:) = fC(r,)dzl r, G U,Bl{n + m). 

Observe that the element s fp^ {i]) G C[Matm,n]g are constants for 7] G f/qS(gl(n) ©g[(m)). 
This is a consequence of (ffu^ . (ITT^ . ^TH^ . and (jHH). Thus, if ^ G f/gS(0[(n) © g[(m)), 
the elements 7?., rf^^^Q-irc ^^^ are constants as well. The formula (15.61) then implies that 

L" is a UqS{gl{n) © gl(m))-invariant subspace in Endc(C[Matm,n]5)- 
Remind (see section 3) that the map 

Endc(C[Mat^,„],) © C[Mat^,„], ^ C[Mat^,„]g, T®f^T{f) (5.7) 

makes C[Matm,n]g into a UqSlin + m)°^-module left Endc(C[Matm^„]g)-module. Conse- 
quently, the restriction of the map onto the subspace L" © L defines the map t : L" ® L ^ 
C[Matm,n]g, satisfying 

e(r(T © /)) = r(ad'e(2)(T) © e(i)(/)), i E ?7,s(g[(n) © gl(m)). 

Clearly, the image of r is the subspace of constants C C C[Matm,n]g- Thus, r defines a 
UqS{Qi{n) © g[(m))-invariant pairing = rocr:L©L"— s>C with cr being the flip of 

tensor multipliers. Note that the basis {z2}aa is dual to the basis \ \ with respect 

to the pairing. This observation, together with the invariance of the pairing, implies, in 

particular, that the matrix of the operator ad' Ej in the basis < > coincides with the 

I "J a,a 

transposed to the matrix of the operator —EjK~'^ in the basis {z'^}a^a- But the latter 
matrix is easily seen to be the transposed to the matrix of the operator —Fi in the basis 
{Za}a,a- This provcs ()5.5|) in the case ^ = Ej, j ^ n. The cases ^ = Fj, ^ = K^^ may be 
proved in the same way. 

Turn to statement iii) of the proposition. Since Ki for any i and Fj for j ^ n belong 
to UqS{Q[{n) © g[(m)), a part of the statement follows from statement ii) and formulae 
(|2.1ip . (j2.13j) . and (j4.1|) . What we have to prove is the equality 

ad'F„(A)=0. 

Use the formula ()5.6|) : 



b,P b,l3 

Clearly, /i'"(l) = 5a,i^a,i) and F„(/^^'"(l)) = for any a and a. By using ()4.2p . we also 
get 'R-w-i-iA,^,^^ p ^^ = 0. That is 



ad'F„ (^1=0. 



The proposition is proved. 
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6 Proof of the main results 

In this section we prove the theorems formulated in section 2. 

Remind the notation ( ■ , ■ ) for the inner product in C[Matm,n](j introduced in section 2 
(see theorem 12 .31) . First of all, we are going to express this inner product via another one, 
which is constructed by means of the algebra V{Dm,n)q of finite functions in the quantum 
matrix ball (see section 4). 

Let P, Q be elements of C[Matm,n]g- Consider the finite function fo ■ Q* ■ P ■ fo G 
V(Dm,n)g (here fo is the 'distinguished' finite function which, along with Pol(Matm,n)g5 
generates the algebra Fun(Dm „)q; see section 4). The properties (j4.9|) imply that the finite 
function fo-Q*-P-fo differs from /q by a constant. Obviously, the constant depends 
linearly on P and conjugate linearly on Q. Thus, we get the sesquilinear form ( • , • ) on 

C[Ma.tm,n\q- 

fo-Q*-P-fo = {P,Q)-fo. (6.1) 

It turns out to be closely related to the inner product ( • , • ). Namely, recall one the 
notation J for the algebra isomorphism Pol(Matm,n)g 'Pijf^iTT^q (see section 4). It is 
explicitly given by J : 2;" i— (1 — g^) 2 ■ for all a and a. It follows almost immediately 
from the definition of the inner product ( ■ , ■ ) that 

(p , g) = ( j(p) , j(g)), p, g G c[Mat„,„],. (6.2) 

Indeed, the subspace C[Matm^„]g/o C ■D(Dm,n)g is invariant under left multiplication by 
elements of Pol(Matm,n)g (see ()4.9p ). This allows us to define a structure of V{m,n)q- 
module in the subspace C[Matm_„]g/o C V{Y)rn,n)q by means of the isomorphism J: 

F®{P-U)^ J-\F) ■ P ■ /o, Fe Vim, n)g, P e C[Mat^,„]g. 

Obviously, the Vim, ?T,)g-module C[Matm,n]g/o is isomorphic to H (see section 2), and the 
inner product ( ■ , ■ ), regarded as an inner product on C[Matm^„]g/o, satisfies the properties 
(I2.2(J|) . Since such an inner product is unique, we have (j6.2p . 

In what follows, we denote by J the automorphism of C[Matm,„]g given by J : i-^ 
(1 — g^)2 ■ z" for all a and a. Suppose we have proved theorem 12.31 Then theorem 12.21 is 
a straightforward consequence of ()6.2p . Indeed, J commutes with the UqS{gl{n) ©g[(m))- 
action since J is just a constant operator on any homogeneous component of C[Matm,n]g, 
and the homogeneous components are f/qs(gl(n) © 0[(m))-submodules in C[Matm,n]g- So 
we have to prove UgS{u{n) © u(m))-invariance of the inner product ( ■ , ■ ). This may be 
derived from the UgS{u{n) © u(m))-moduleness of the algebra Fun(Dm, „)g (see section 4) 
and the relations (j4.1H) as follows. The relations (|4.1H) mean t/q5(g[(?2)©gl(m))-invariance 
of the element /q: 

e(/o) = ^(0 ■ /o, eef/,s(u(n)©u(m)). 
This and the equality ()3.2p imply 

e(/o-g*-P-/o) = Mii){Qn<i2){P)-fo = /o-(^(e(i))*(g))*-e(2)(P)-/o, P,Qe C[Mat„J, 

(here ^(i) © ^(2) stands for A(C)). On the other hand, by (jHIID fo ■ Q* ■ P ■ fo = {P , Q) ■ /o, 
i.e. 

fo ■ (^(e(i))*(g))* ■ e(2)(P) ■ fo = a{P, Q) ■ fo) = e{0 ■{P,Q)- fo. 
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Take into account once again: 

(e(2)(P) , 5(e(i))*(g)) = 6(0 ■{P,Q), e e t/,s(u(n) © u(m)). 

The latter property is obviously equivalent to UqS{u{n) © u(m))-invariance of the inner 
product ( ■ , ■ ) . 

In view of the above arguments, the first two theorems, stated in section 2, follow from 
the third one. The remaining part of this section is devoted to a proof of theorem 12.31 It 
will be convenient for us to prove the following statement instead of theorem 12.31 itself. It 
is equivalent to the statement of the theorem due to ()6.2p . 

Theorem 6.1 

Q) = T^2-(P^Q-^a) Va,«. (6.3) 



Proof. Let us agree about the following notation: if T G Endc(C[Matm,n]g) then T"^ G 
Endc(C[Matm,n]g) stands for the conjugate operator to T with respect to the inner product 
(-,■). In this notation ()(j.3j) says 

(i,")t = (1 - g2) . A Va,a. (6.4) 

Let us explain how UgS{u{n) © u(m))-invariance of the inner product ( ■ , ■ ) allows one 
to reduce the general case to the case a = 1, a = 1. Observe that the invariance of the 
inner product ( ■ , ■ ) means 

e = C, eef/,5(u(n)©u(m)). (6.5) 

Suppose we have already proved ()6.4p in the case a = 1, a = 1. Proposition 15.21 (i) 
and the formulae (j2.12j) imply 

zl = q-^/^ -ad'F.izl). 

Thus 

(ziy = g-V2 . (ad'Fi(zJ))t = . ^F, ■ z\ - K^' ■ z\ ■ K, ■ F,)^ = 

= q-n{ziy.Fi-Fi.Ki{ziy.{K^y) = q-'/\{z^^^^ 

(the latter equality follows from proposition 15.21 (ii)). The other cases may be proved in 
a completely analogous way. Thus, it remains to prove ()6.4j) in the case a = 1, a = 1. 

Lemma 6.2 Suppose T G Endc(C[Matm,n]g) satisfies the properties 

li) ad'Fj{T)=0 Vj; (6.7) 
Hi) T{z2) = Va, a. 

Then T = 0. 
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Proof of the lemma. Let us denote by C[Matm the k-th homogeneous component 
in C[Matm.n]g (remind that the latter algebra admits the natural Z_(.-grading by powers 
of monomials). As we have already noted, each subspace C[Matm,n]g,fc is a (finite dimen- 
sional) UgS{Ql{n) © gl(m))-submodule in C[Matm,n]g (f^gs(gl(n) ©g[(m))-invariance of the 
subspaces is a straightforward consequence of the formulae ()2.1H) . ()2.12|) . ()2.13|) . ()4.1|) ). 
The subspaces C[Matm,n](j,fe admit the following 'coordinateless' description (see ()2.15|) ) 

C[M^tm,nU = {/ e C[Mat^,„], I Koif) = (6.8) 

(remind that Kq corresponds to the element K^l"^ ■ Yli=i -^I"* ' nj=i^ ^n+j~^^ under the 
embedding UqS{Q\.{n) © Qiijn)) C UqSiin + m); see section 4). This description, together 
with ()6.6|) . implies 

T{C\M.dXm,n]q,k) C C\M.iXirn,n]q,k-l- 

We are going to prove the equality r|c[Mat„,„], ^ = by induction in k. The property iii) 
of T is the induction base. 

Suppose we have already proved that T|c[Mat™.„], fc = for any k < M (M > 1), and let 
7'|c[Mat„,„],,M+i 7^ 0- Let / e C[Matm,„]g,M+i be such an element that T(/) ^ 0. We may 
assume that / is a weight vector of the [/gSl(n-|-m)-module C[Matm,n]q (i-e. an eigenvector 
of each Kj, j = 1, . . . , + m — 1). In this case the element T(/) is a weight vector as well 
(this is a consequence of and ?7^s[(r;, + m)°P-moduleness of the left Endc(C[Matm,n]g)- 
module C[Matm,n]g)- We intend to construct an element / G C[Matm,„]g,Af+i so that 

«) T(/)^0; 
h) F,{T{f)) = Vj; 
c) T{f) is a weight vector. 
To start with, let us note that (|6.7p means 

F,T=h^^^ ' ^ = l°.^^' = ^ + ^-l . (6.9) 
\^ I I'j , otherwise ^ ' 

Let some ji ^ n satisfies Fj^{T{f)) ^ 0. If there is no such ji then f = f. Indeed, / 
satisfies the properties a) and c), and the property b) for j ^ n. F„(T(/)) = T{Fn{f)) 
due to (|6.9|) . But the formula (|6.8|) implies Fn{f) G C[Matm,n]g,A/, and thus T{Fn{f)) = 
(the induction assumption). So / has been built. 

If ji with the above property exists, we set /i = Fj^{f). Let j2 7^ ^ satisfies 
Fj^{T{fi)) 7^ 0. If there is no such j2 then we set f = fi and so on. Since C[Ma.tm,n]q,M is 
finite dimensional, this process will give us an element / satisfying the properties a), b), 
and c). Thus we get a non-zero primitive weight vector (namely, T(/)) in the UqSl{n + m)- 
module C[Matm,n]g, which belongs to C[Matm,n](j,M with M > 1. Let us show that this is 
a contradiction. 

Remind that the UqSl{n + m) -module C[Matm,,n](? is the graded dual to a generalized 
Verma module V^(0) (see section 4). Let us denote by (■, ■ )o the pairing C[Matm,n]g x 
V{0) — > C. The term 'dual UqSl{n + m)-module' means 



m) , ^)o = (/ , S{Oiv))o, Ve G Uq3l{n + m)Je C[Mat„,„]„ v G V{0). (6.10) 
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Any element from V{0) has the form ^(f (0)), where v{0) is the generator of V^(0) (see 
section 4) and ^ is an element from the unital subalgebra UgU^ C Uq5l{n + m) generated 
by all FjS. This observation is a consequence of the equalities (j4.4j) and a PBW-type 
theorem for the quantized universal enveloping algebra UqS{{n + m) [2]. 

Let us return now to the non-zero element T(/). It satisfies ()6.7|) . One then has 

, e(^(0)))o = {S-\aTCf)) , ^(0))o = e{0 ■ (Tif) , ^(0))o 
for any ^ G UgXi^. This means that the functional T(/) G V{0)* is equal to on any 
graded component V{0)-k (see fl4.6|) ). That is T(/) G C[Matm,n]g,o = C. Since T(/) G 
C[Mat^,„],,M (M > 1), we get T(/) = 0. 

We see that the assumption T|c[Mat,„.„], m+i leads to a contradiction. The lemma 
is proved. ■ 

Corollary 6.3 The subspace in Endc(C[Matm,n](j) of operators, satisfying the properties 

i) and ii) of the previous lemma, is one dimensional. 

Proof. Let T' and T" be two non-zero linear operators, satisfying the properties i) and 

ii) . One has 

T'{z:)=T"{z:)=0, a^l or a ^ I. (6.11) 
Indeed, by the formulae ()2.12|) 

— ' Pa-lFa-2 ■ ■ ■ FlFn+m+l-a ■ ■ ■ -^n+m-2-^n+m-l (^1 ) 

for a non-zero constant c". Then 

^'(^a) — ■ T' {Fa-lFa-2 ■ ■ ■ • • • -^n+m-2-^n+m-l (^^i )) = 

= ■ Fa-lFa-2 ■ ■ ■ FiFn+m+l-a ■ ■ ■ Fn+m-lFn+m-l 

(the same is true for T"). What remains is to use the fact that T' {z\),T" {z\) G C (we 
pointed out in the proof of the above lemma that any linear operator T in C[Matm,n]g, 
satisfying i) and ii), possesses the property T(C[Matm,„]q,fc) C CfMatm.ri]^,*;-!-) 
Suppose 

T\z\) = cu T"{z\) = C2 

for certain constants Ci and C2. If, for example, ci = then T' = due to the above 
lemma. Thus both constants are non-zero. Then, by using the lemma once again, we get 

C2 ■ T' - ci ■ T" = 0. 



To complete the proof of theorem 16.11 it suffices to establish that 

1. (;z|)^ satisfies the conditions i), ii) of lemma 

2. ^ satisfies the conditions i), ii) of lemma 

Note that point 2 is just the statement iii) of proposition 15.21 Point 3 is a simple 
consequence of definitions: clearly, (1 — g^) ■ -^{zD = 1 — g^; on the other hand, (zlY^zl) 
is easily seen to be a constant, so 

{zl)\zl) = {{ziy{zl),l) = {zlzl) = l-q'. 
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What remains is to establish point 1. Observe, that the equahties 

aH'/r.rr^llt^ _ / ^"'(^i)^ ' j = lorj=n + m-l 
adA^U^iJ ) - I ^.1^^ ^ otherwise 

ad'F,((z|)t) = j^n (6.12) 

may be derived from ()6.5|) and the statement i) of proposition EIH For example, we prove 
the equality ad'Fi((zJ)''") = 0: 

ad'Fi((%i)t) = Fi ■ {z\)^ - K^' ■ {ziy ■K,-F,= 

= {zl ■ Fl - Fl ■ K\ ■ z\ ■ {K^yy = {zl ■ E,K^' - E,K^^ ■ K, ■ z\ ■ K^^ = 

= -{El ■ zl ■ K^^ - zl ■ EiK^^) = -{a.d'Ei{zl)y = 0. 

The other cases in (|6.12|) are proved just as this one. 

Finally, we have to show that ad'Fn{{ziy) = or, equivalently, Fn ■ {zl^ = (zlY ■ Fn 
(see fj6.9p ). The latter equahty, in turn, is equivalent to 

Flzl = zl-Fl (6.13) 



Lemma 6.4 F^ = -E^K~^ + ^z™. 

Proof of the lemma to be found in Appendix. 

Now we are ready to prove ()6.13|1 . Let P G C[Matm,n]g- Then 
Flzl{P) - zM{P) = Fl{P ■ zl) - FliP) ■ zl 
By the previous lemma 

Fl{P ■ zl) - Fl{P) . zl = 

1/2 1/2 

= -Er.K-\P . zl) + -^P ■ zl . z^ + E.^K-\P) ■ zl - -^P . ■ zl = 
= -E^{K-\P) . K-\zl)) + E^K-\P) . zl + • {zl • C - C ■ ^\) ^'^B^ 

= -E^K-\f) -zl-P- E^izl) + EnK-\P) ■ zl + f-^^P ■ {zl ■ z^^ - z^^ ■ zl) = 



g^^^ n /.I .m .m .1\ see 

l-g2 

g^^^ n /.I .m .m .l^secjT3J 

1 -g2 

Theorem 16.11 is proved completely. 



-P ■ E^izl) + ^P ■ {zl ■ - C ■ ^i) 



q-'/'P ■zT-zl + ^P ■ {zl -z^^-z^- zl) 
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7 Appendix. Proof of lemma 16.41 

Let P,Q E C[Matm,n]q- By the definition 

{Fn{P) ,Q) = fo-Q*- FrXP) ■ fo- 

The equalities ()4.1Up and UqSu{n, m)-moduleness of the algebra Fun(Dm,n)g (see section 
4) imply 

F„(P)-/o = F„(P)-K-i(/o) =F„(P-/o)-P-F„(/o) =F„(P-/o) + ^^-y-P-/o-(^™)*. 
Thus 

(p„(p) , g) = /o ■ g* ■ p„(p ■ fo) + ■fo-Q*-p-fo- (^D* 



i^n(/o-g*-p-/o)-i^n(/o-g*)-^„-'(p-/o) + ^^-/o-g*-p-/o-(^r 



_ 1 

q-'^ - 1 



FniiP, Q) ■ fo) - Fnifo ■ Ql ■ K-\P) . fo + ■{P,Q)-f0- (^D* = 

_ol/2 „l/2 

(p , g) • /o ■ (^r)* - Fnifo ■ Qi ■ K-\p) . fo + ■ (p , g) • /o ■ (z: 



q — 1 g^ — 1 

= -p„(/o-g*)-ir„'^(p)-/, 

Evidently, 

i^n(/0 ■ g*) = i^n(/o) ■ K-\Q*) + /o ■ P„(g 



/o ■ (o* ■ K-'m + fo ■ Fr^m ^^"^P 



q-' - 1 

,1/2 



^ /o-(^™)*-(ir„(g))* + g2-/o-(i?„(g))^ 



g-2 - 1 
Finally we get 

(P„(P) , g) = ■ fo ■ {zZr* ■ {K^m* ■ K-\P) -fo-q'-fo- {En{Q)r ■ K;;\P) ■ fo 

^ ■ /o ■ {K,,{Q) . z^r ■ K-\P) -fo-q'-fo- (EniQ))* " K\P) " fo = 



g-2 - 1 



-2 

,-3/2 



(ir-i(P) , K4Q) . - ■ {K-\P) , E4Q)) 
P, K-\K4Q) . ^-)) - ■ (P, ir-ii?.(g)) H 

-^^■(p,g-0-(p,i?„ir-i(g)) 

-3/2 

= (p , -Kir-i(g) + -Q-z^). 

g ^ — 1 
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GEOMETRIC REALIZATIONS FOR SOME 
SERIES OF REPRESENTATIONS OF THE 
QUANTUM GROUP SU2,2 

D. Shklyarov S. Sinel'shchikov L. Vaksman 

Institute for Low Temperature Physics & Engineering 
47 Lenin Avenue, 61103 Kharkov, Ukraine 

1 Introduction 

We consider some series of modules over the quantum universal enveloping Drinfeld- 
Jimbo algebra UqQ in the special case dimg < oo, < g < 1. The finite dimensional 
t/^g-modules are closely related to compact quantum groups; those were investigated well 
enough |H |^ . Infinite dimensional t/gfl-modules we deal with in this work originate from 
our earlier paper together with some applications therein to the theory of q-Cartan 
domains. To make the exposition more transparent, we restrict ourselves to a q- analogue 
of the ball in the space of all complex 2x2 matrices U = {z G Mat2| zz* < 1}, which is 
among the simplest Cartan domains. 

The classes of infinite dimensional f/gfl-modules in question differ from those considered 
by Letzter [IT. The problem of producing and investigating of the principal series of 
quantum Harish-Chandra modules in our case appears to be essentially more complicated. 

It is worthwhile to note that some properties of the ladder representation of the quan- 
tum SU2,2 described below are already well known 0|. 

Everywhere in the sequel < g < 1, the ground field is C, and all the algebras are 
assumed to be unital, unless the contrary is stated explicitly. 

Consider the Hopf algebra UgQ = UgSl^ determined by the standard lists of generators 
Ej, Fj, Kp^, j = 1,2,3, and relations The coproduct A, the counit e, and the 

antipode S are given as follows: 

eiE,) = 0, SiE,) = -K-'E,, 

e{F,) = 0, S{F,) = -F,K,, 

e{K,) = 1, SiK,) = K-\ 

We call a t/^g-module V M^-weight module V = with /x = (yUi, /i2, yUa) G M^, 

V^ = {v & V\Kf^v = q^^w, j = 1, 2, 3}. Let Ugt C UgQ be the Hopf subalgebra generated 
by K^'^, Ej, Fj, K^^, j = 1, 3. Every UqQ-module inherits a structure of t/gt-module. We 
are interested in quantum (g, 6)-modules, i.e. M^-weight f/^g-modules which are direct 
sums of finite dimensional f/gt-modules. 

This research was partially supported by Award No UMl-2091 of the Civilian Research & Development 
Foundation 

This lecture has been delivered at the 13-th International Hutsulian Workshop, Kiev, September 2000; published 
in Matematicheskaya Fizika. Analiz. Geometriya, 8 (2001), No 1, 90 - 110 



AEj = Ej(g)l + Kj (g) Ej, 
AFj = Fj (g) Kr^ + l®Fj, 
AKj = Kj®Kj, 
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Equip the Hopf algebra UqQ with an involution: 

e; = -K2F2, f; = -E2K-\ k; = k^, 

E* = K,F,, F; = E,K-\ K* = K„ J = 1,3. 

We thus get a *-Hopf algebra {UqQ, *) which is a q-analogue of Usu2,2 and its subalgebra 
{Uqt, *) is a q-analogue of Us{u2 x U2). 

A quantum (g, 6) -module V is said to be unitarizable if (^fi,f2) = (fi,^*f2) for some 
Hermitian scalar product in V and all vi,V2 E V, C, E UqQ. Our purpose here is to 
produce some series of unitarizable quantum (g, 6)-modules by means of non-commutative 
geometry and non- commutative function theory in q-Cartan domains ^\ QHl ^1 ^] • 

The third named author would like to express his gratitude to H. P. Jakobsen, 
A. Klimyk, A. Stolin and L. Turowska for helpful discussions. 



2 The UqSU2,2-moduIe algebra Pol(Pl2,4)q,x 

Let 61,62,63,64 be the standard basis in C''. Associate to every linear operator in 
its graph, a two-dimensional subspace in = x C^, which has trivial intersection 
with the linear span of 61,62. We are interested in the pairs {L,uj), with L a subspace 
as above and u its non-zero volume form (an skew-symmetric bilinear form) in L. We 
need a q-analogue of this algebraic variety which we call the Pliicker manifold Pl2,4. The 

matrix elements ( ^ I of the linear operator L, together with t^^ related to the volume 



7 6 

element u, work as 'coordinates' on Pl2,4. 

An algebra F is called a UqQ-modu\e algebra if the multiplication m : F ® F —>■ F is 
a morphism of [/gfl-modules, and the unit 1 G -F is a [/g0-invariant. To rephrase, one can 
say that for all /i, /2 E F, j = 1, 2, 3, 

Ej{fj2) = Ejif,)f2 + iKjf,)iEjf2), Ejl = 0, 

Fj{fif2) = {F^h){Kr^f2) + fi{F,f2), Fjl = 0, 

Kf{hf2) = {Kfh){Kff2). Kfl = 1. 

In the case of a *-algebra F one should impose an additional compatibility requirement 
for involutions: 

(e/)* = {SiOrr, ^ e UqQ, feF 

Once the *-algebra F is given by the list of its generators and relations, the UqQ-module 
structure in F is determined unambiguously by the action of the generators Ej, Fj, K^^, 
j = 1,2,3, on the generators of F. 

Consider the *-algebra Pol(Mat2)g given by its generators a, P, 7, 6 and the following 
commutation relations (the initial six of those are well known and the rest was obtained 
in [ini): 

75 

6*a 
6*p 
(5*7 
6*6 



= q[3a 
= q6-f 




= q'ja 
= qSP 


f Pi 
a6 


= iP 

= 6a + {q- q^^)Pi 


= a6* 
= qPS* 
= qj6* 
= q^6* + l 




( 7*a 
[ 7 7 


= qaY - 

= Pi* 

= q^ii* 


- {q-' - q)P5* 

- (1 - q^)66* + 1 - g2 
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p*a = gap* - {q-^ - q)j6* 
(3*(3 = q^pfj* -(l-q^)S6* + l-q'^ 

a* a = q^aa* - (1 - q^){f3(3* + 77*) + {q~^ - qf66* + 1 - g^. 

The *-algebra Pol(Pl2,4)g,x is given by the generators a, /?, 7, 6, t, t~^, the commutation 
relations as in the above definition of Pol(Mat2)g, and the additional relations tt^^ = 
fH = 1, tt* = t*t, zt = qtz, zt* = qt*z, with z G {a,/?,7,5}^ 

An application of a q-analogue for the above geometric interpretation of the Pliicker 
manifold allows one to prove 

Proposition 2.1 i) There exists a unique structure of UqSXi2^2-'^odule algebra in 
Pol(Mat2)g such that 

Eia E,(3\ _i/2/0 a\ f E^a Es(5\ _ f 



Ei7 E16 J ^ ij ' V^37 J ^ \a (3 

Fia F,(3\ _ ^1/2 ff3 0\ ( F^a F^[5\ _ 1/2 (1 6 



Fi-i Fi5 J ^ V"^ ' \^F37 F-i5 J ^ \0 

Kia Kil3\ _ fqa q'^(3\ fK^a i^s/JA _ f qa q(3 

K^-f K^5) - \q^ q-'6j ' [x.-f K,6 J " [q-'-f q~'6 

E^a E2P\ _ „i/2 fq-'Pl Sp\ ( F^a F2(3\ _ 1/2 



E2I E25J ^ V -^7 ^V' V^27 F25) ^ \0 1 

K2a K2P\ ^fa qP 
i^27 K26 J \q'y q^5 

a) There exists a unique structure of U q5U2^2-^odule algebra in Pol(Pl2,4)g,x such that the 
action of Ej, Fj, K^^ on a, (3, 7, 5 is given by the above equations and 

Ejt = ( E2t = q-^/H5 

Fjt = , j = l,3; <^ F2t = 
Kjt = t [ K2t = q-H 

Note that a much more general result is obtained in [T^ . 

To produce the series of quantum (g, fi)-modules considered in the sequel we use es- 
sentially the specific dependencies of the elements E2t^, F2t^, K^^t^, E2{{aS — qP'j)^), 
F2{{aS — qP'j)'^) , K^^ {(a5 ~ qP'j)'^) on q-^. These are easily deducible from the definitions 
that for all A G Z+ 

-2A 



E^t^ = q-^l^t^ F2t^ = 0, K}H^ = q^H 

q^^ — 1 

1 - 

E2{{a5 - g/37)') = -q^'^—^5{a5 - qPj)\ 

1 — q^ 



A 

5 



-2A _ I 

F2{{a5 - qP^r) = q'r^L^_^aia5 - qPiY'^ A ^ 0, 

g^^ — 1 

Kt\{a5 - qP^Y) = q^'\a6 - qP^)\ 



^The notation x = tt* and Pol(Pl2. 4)9,1 are justified by the fact that the algebra Pol(Pl2. 4)5,1 in question can 
be derived as a locahzation of another useful algebra Pol(Pl2,4)5 with respect to the multiplicative system a;**. 
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For instance, the first relation is obvious for A = 0, and tlie general case is accessible 
via an induction argument: 



,-2A 



n - 1 \ rt-2(A+l) _ 1 



3 The analytic continuation of the holomorphic discrete series: step one 

Consider the subalgebra C[Pl2,4]g,t C Pol(Pl2,4)g,a; generated by a, (3, 7, 5, t, t"^. Equip it 
with a Z-grading: dega = deg/5 = deg7 = deg5 = 0, deg(t^^) = ±1. The homogeneous 
components of this algebra are quantum (0, 6)-modules^. 

Consider the subalgebra C[Mat2]g C Pol(Mat2)g generated by a, /?, 7, 5. This algebra 
constitutes a famous subject of a research in the quantum group theory. Associate to 
each A e Z a linear operator ix : C[Mat2]g — > C[Pl2,4]g,i, ix '■ f ^ ft~^- This isomorphism 
between the vector space C[Mat2]g and a homogeneous component of C[Pl2,4]g,t allows one 
to transfer the structure of f/^sU-module from C[Pl2,4]g,t to C[Mat2]g. Thus we obtain a 
representation of UgSli in C[Mat2]g, to be denoted by tt^a. For all ^ G f/^sU, / G C[Mat2]g, 
the vector valued function ngx{^)f appears to be a Laurent polynomial of an indeterminate 
C = q^. This leads to the canonical analytic continuation of the operator valued function 
TTgA. The term 'analytic continuation of the holomorphic discrete series' stands for the 
above family tt^a of representations of UgSl^. 

The results of the work by H. P. Jakobsen j3] imply that the quantum (g, 6)-modules 
TTqA are unitarizable for all A > 1. We follow J7j in finding an explicit form for the related 
scalar product. 

Consider the Pol(Mat2)g-module given by a single generator v and the relations a*v = 
P*v = 7*f = 6*v = 0. The associated representation T of Pol(Mat2)g in the vector space 
H = C[Mat2]gf is faithful; it is called the vacuum representation. 

Let p be the linear operator in H that realizes the action of the 'half-sum of positive 
coroots': 

p{a''l3^-i''5'^v) = (3a + 26 + 2c + ci)a"/3V(5'^w, 
with a, b,c,d E Z^. We need also the element 

y=l- {aa* + f3(3* + 77* + 66*) + {a6 - qf3'j){a6 - qf^-f)*, 



which is a q-analogue of the determinant det(l — zz*), with z 
As a consequence of the results of [T7j we have 

Proposition 3.1 i) For A > 3 the linear functional 

def tr(T(/y^)g-2p) 



a P 
7 6 1' 



u„ 



tr(T(y^)g-2p) 



^The notation C[Pl2,4]q,t can be justified in the same way as the notation Pol(Pl2,4)g,a; introduced in the 
previous section. 
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is well defined and positive on Pol(Mat2)g. 

a) For A > 3 the scalar product {fiif^jq^^ — J /l/i^^^A C[Mat2]5 is well defined, 

positive, and 

(V(0/l, f2)g^^ = (/l, V(r)/2)g2A, e e UqQ, /i, /a G C[Mat2]g. 

The representations tt^a, A = 3,4, 5, . . ., are q-analogues of the holomorphic discrete 
series representations, and the completions of C[Mat2]g with respect to the norms II/II52A = 

(/, /)^2A are q-analogues of the weighted Bergman spaces. Our intention in what follows is 
to present explicit formulae for the analytic continuation of the scalar product (/i, /2)q2A 
with respect to the parameter g^'^, and to prove the positivity of this scalar product for 
A > 1. 

To conclude, consider the C/gt-invariants 

= aa* + + 77* + 66*, 7/2 = {ct6 - q[5^){a6 - qf^'j)*. 

Prove that T{yi)T{y2) = T{y2)T{yi), or equivalently, yiy2 = y2yi- In fact, observe that H 
admits a structure of f/gt-module {^{fv) = {^f)v, ^ G Uqt, f G C[Mat2]g) and splits into 
a sum of pairwise non-isomorphic simple t/q6-modules H = ^ ffikiM)^ ffikiM) = 

ki>k2>0 

Uqi6''^~''^ {a6 — qfi'-fY'^v. What remains is to take into account that the restrictions of 
T{yi), T{y2) onto H^^'^'^^'> are scalar operators by the 'Schur lemma'. Those scalars are 
easily deducible: 

T(i/2)|^,(....)=g-'(i-g''^)(i-g'('^+^)). 

Just as one could expect, the joint spectrum of the operators T{yi), T(|/2) tends to 

{{tr{zz*),det{zz*)\zeU}^{{yi,y2)\0<yi<2 & 0<y2<yl/^ 
as q goes to 1. 

4 An invariant integral on the Shilov boundary 

Let c — a6 — qPj and C[GL2]q be the localization of C[Mat2]q with respect to the mul- 
tiplicative system c^. It is easy to prove the existence and uniqueness of an extension of 
the f/^g-module structure from C[Mat2]q onto C[GL2]q. Equip the C/gg-module algebra 
C[GL2]q with an involution: 

a* = q-^{a6 - q(3-f)-^6, P* = -q-\a6 - q(3-f)-^-f, 

7* = -q-\a6 - qp^)-^(3, 6* = {a6 - qfi-iY^a. 

and introduce the notation Pol(5'(U))g = (C[GL2]g, *). 

The following propositions justifies our choice of the involution. 

Proposition 4.1 For all f G Pol(S'(I[J))<j, ^ G UgQ one has 
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Proposition 4.2 There exists a unique homomorphism of UqQ-module *-algebras 
J : Pol(Mat2), ^ Pol(5(U)), such that j{a) = a, j{(3) = (3, j(7) = 7, = 

These statements are proved in an essentially more general form in ^IB^ ■ It also follows 
from the results of that work that the ?7g0-module *-algebra Pol(S'(U))g is a q-analogue 
of the polynomial algebra on the Shilov boundary S'(U) of the unit ball U in the space 
Mat2 of complex 2x2 matrices. 

The [/gt-module Pol(S'(U))g splits into a sum of pairwise non-isomorphic simple finite 
dimensional submodules. In particular, the trivial f/^t-module appears in Pol(S'(U))q 
with multiplicity 1 and there exists a unique f/gt-invariant integral /i : Pol(S'(I[J))g C, 
/ 1-^ J fdfi, with J Idfi = 1. 

Proposition 4.3 The above Ugt-invariant integral is positive definite. 

Proof. Consider the *-algebra Pol(f/2)g of regular functions on the quantum U2 0, 
together with the *-homomorphism of algebras i : Pol(S'(I[J))g —>■ Pol(f/2)g given by 

i{a) = q~^a, i{[3) = q~^P, 

2(7) = 7, i{6) = 6. 

The positivity of an invariant integral on the quantum group U2 constitutes a well 
known fact. So, what remains is to prove the invariance of the integral 



Pol(t/2),^C, / ^'\f)df^ 



5(U), 

with respect to the action of f/qU2 by 'right translations' on the quantum 1/2- This is a 
consequence of the invariance of fi with respect to the action of the subalgebra in Uqt 
generated by ^i, Fi, K^^ {KiKlK^)^^. □ 

Now introduce an auxiliary f/gfl-module *-algebra Pol(S'(U))g, to be used in a con- 
struction of the principal degenerate series of quantum (g, fi)-modules. 

The *-algebra Pol(S'(I[J))g is defined by adding t, t~^ to the list a, /?, 7, 5, of 
generators of Pol(S'(U))g and 

tt-^ = t-H = 1, tt* = t*t, 

zt = qtz, zt*=qt*z, with z G {a, /3, 7, 5} 

to the list of relations. 

The next two statements follow from the results of 



Proposition 4.4 i) There exists a unique extension of the structure of UqQ-module 
*- algebra from Pol(S'(U))g onto Pol{S{l]))q such that 

Ejt = ( E2t = q-^lH5 



Fjt = , j = l,3, < F2t = 

Kjt = [ K2t = q~H 

a) There exists a unique homomorphism j : Pol(Pl2,4)g,x Po\{S(l]))q of UqQ-module 
*-algebras such that 

7{a) = a, j(/3)=/5, j(7)=7, M = 6, 3{t^') = t^\ 
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Proposition 4.5 The subspace t* ^Po\{S{l]))gt is a suhmodule of the UqQ-module 
'Po\[S{\]))q, and the linear functional 

f-'^Vo\{S{V))qt'^ -> C, t*-^ft-^ ^ j fdfi 

5(U), 

is an invariant integral (i.e. a morphism of UqQ-modules). 



5 An analytic continuation of the holomorphic discrete series: step two 

Just as in the classical case q = 1, one has 

C[Mat2]5 = C[Mat2]J'=^''=^) = UgU'^'-^^aS - qp-if\ 

fel>fc2>0 

with C[Mat2]g'^^''^^'' being simple pairwise non-isomorphic t/gt-sub modules of the Uqt- 
module C[Mat2]g. Introduce the notation /('^i''=2) projection of / onto the ?7gt-isotypic 

component C[Mat2]g'^^''^^'' parallel to the sum of all other [/^t-isotypic components. 

By the 'Schur lemma', every t/^l^-invariant Hermitian form (/i, /2) on C[Mat2]5 is given 

by 

(A,/2)= / {ft'^^Tfi'-'^'^^d^^. 

We are going to obtain this decomposition for (/i, /2)g2A, A > 3. Recall the notation 

m—l 

Proposition 5.1 For all A > 3, /i, /2 G C[Mat2]g, 

j f;fidvx= E <k,M.q'') j {ft''h*ff''''^d^,, 



with 



[q,q^)kM ^^ ^>;q^)k2 



Proof. In the case g = 1 a similar result was obtained by Faraut and Koranyi jH] in 
a very big generality. Our proof here imitates that of [3] . 

First introduce the subalgebra C[Mat2]5 C Pol(Mat2)g generated by a*, P*, 7*, 6*, and 
the algebra C[Mat2]°'' which differs from C[Mat2]q by replacement of the multiplication 

law with an opposite one. We use the algebra C[Mat2 x Mat2]g C[Mat2]g ® C[Mat2]°'' 
as a q-analogue for the algebra of (degenerate) kernels of integral operators. 
Equip C[Mat2 x Mat2]g with a bigrading 

deg(a ® 1) = deg(/? ® 1) = deg(7 ® 1) = deg(5 ® 1) = (1, 0), 

deg(l ® a*) = deg(l ® /3*) = deg(l ® 7*) = deg(l ® 5*) = (0, 1) 
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and the associated topology. The completed algebra C[[Mat2 x Mat2]]g will work as the 
algebra of generalized kernels of integral operators TTJ- 

Just as in the case q = 1 one can deduce proposition 15.11 from the following three 
lemmas. 

Lemma 5.2 Given ki,k2 E Tj, ki > k2 > 0, denote by Pki,k2 the projection in C[Mat2]ij 
onto the component C[Mait2\il'^'''^^ parallel to the sum of all other Uqt-isotypic components. 
There exists a unique element pki^k2 ^ C[Mat2 x Mat2]ij such that 



Pkuk2f{z)= j Pki,k2i^X)f{C)df^iC) 



for all f G C[Mat2]g. 

Introduce the notation L^^duxjq, Ll{dh'x)q for completions of vector spaces Pol(Mat2)g, 

f V 

C[Mat2]q respectively, with respect to the norm ||/||g2A = J f*fdi'x j . These are well 
defined for A > 3, and certainly LKduxjg C L^i^duxjq- 

Lemma 5.3 Given A > 3, denote by Px the orthogonal projection in L'^{dvx)q onto 
Ll{dh'x)q- There exists a unique Kx G C[[Mat2 x Mat2]]g such that 



Pxf{z) = I Kx{zX)f{C)diyx{C)- 



for all f e Pol(Mat2)g. 



Lemma 5.4 In C[[Mat2 x Mat2]]g one has 

^ cikX^f'"''' 

ki>k2>0 V 1) ^) / 

with c{ki, k2, A) being given by l\5.1}) . 

Lemmas 15.21 15.31 can be proved in the same way as in the case q = 1. Turn to the 
proof of lemma 15.41 

We are going to use the Schur polynomials 

^fci-fc2+l _ ^ki-k2+l 

Skik2{Xl,X2) = {XiX2)''^ ■ — . 

Xi — X2 

These are expressible in terms of elementary symmetric polynomials: 

Skik2{xi,X2) = Uk^k2{xi + X2,XiX2). 

(The polynomials U/t^fca closely related to the well known Chebyshev polynomials of 
second kind Uk-i^-k2{x)) . 

qj _ q-j oo 
Recall the notation = -, (a; g^)oo = Tl (1 ~ aq"^-^) and consider the kernels 

q-q j=o 
= a (g) a* + /3 (g) /3* + 7 (g) 7* + 5 O 5*, X2 = c®c* with c = {a6 - q(3-f) G Pol(Mat2)g. 
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Lemma 5.5 i) pk^,k^ = g*=i+''2 . [/^^ ~ k2 + l]q ■ M^ifcalXi, X2), 
00 / 00 

j=0 \j=0 

The first statement of lemma are easily deducible from the orthogonality relations 
for matrix elements of representations of the quantum group 1/2- The second statement 
follows from the results of [T7j . 

Lemma [5 .41 is a consequence of lemma 1^31 and the following well known relation in the 
theory of Schur polynomials [12]: 



1 00 



(a;i;g^)oo {x2;q'^ 

ki>k2>o ^q )ki{q ,q 

The above proof of proposition 15 .11 is transferable quite literally onto the case of quan- 
tum SUn,n and a q-analogue of the unit ball in the space of n x n matrices. 

6 Analytic continuation of the holomorphic discrete series: ladder representation 
of the quantum group SU2,2 

It is explained in that the results like our proposition 15.11 allow one to solve the 
problems of irreducibility, unitarizability, and composition series of the representations 
TTgX. We restrict ourselves to some simplest corollaries from proposition 15. II 

Proposition 6.1 Suppose that either X > 1 orlmA G jj^^- Then the sesquilinear form 
{fly /2)g2^ is positive definite, and for all /i, /2 G C[Mat2]g, ^ G f/gfl one has 

(7rgA(0/l,/2)g2A = (/l,VrgA(r)/2)g2A. (6.1) 

Proof. The positivity follows from proposition 15.11 Let ( = q'^. If Im^ = 0, both 
sides of (jnnj) are rational functions of C,. So, what remains is to use the fact that this 
equality is true for < C < f?^- D 

Turn to the case A = 1. It follows from proposition 16. II that the kernel of the sesquilin- 



ear form (/i, /2) = lim (1 — q )(/i, /2)g2A is a common invariant subspace for all the 

A — > l-|-0 



^2A-2^ 

operators vri(^), ^ G UqQ. Explicitly, this kernel is 

oo 

L = 0C[Mat2]f°). 

A:=0 

On L one has a well defined Hermitian form (/i,/2) = lim (/i,/2)g2A, and hence the 

A — ^^1+0 

quantum (g,6)-module associated to the restriction TTgl^ is unitarizable. The representa- 
tion TTgli is a q-analogue of the well known ladder representation. 

In the case q = I the subspace C[Mat2]*-^'°'' coincides with the kernel of the 

d d d d 

covariant differential operator □ = 7^777 — ttttt;— • Our intention is to obtain a q- 

oa 00 op 

analogue of this result^. 

similar result was obtained by V. Dobrev [5| and H. P. Jakobsen [S] in a different context. 
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We use a notion of the first order differential calculus over an algebra A and a covariant 
first order differential calculus as in [TU] . 

Among well known ?7g6-invariant first order differential calculi over C[Mat2]g one has 
to distinguish a unique ?7g0-invariant calculus. A general method of producing such 
differential calculi (with hidden symmetry) for q-Cartan domains is described in |19j . 

The first order differential calculus we need is determined by the following 'commuta- 
tion relations between coordinates and differentials' (these are written in in R-matrix 



form) : 














da ■ a 


= q^ada] 




da ■ 


P = 


qPda — (1 - 


- q^)adP; 


da ■ 7 


= q'jda — (1 - 


- q'^)adr, 


da 


■6 = 


5da — (q^^ 


- q){-fdp + pd-f) + {q 


dp ■ a 


= qa ■ dP; 




dp- 


P = 


q^pdp- 




dP-j 


= idp - iq-' 


— q)adS] 


dp 


■6 = 


q6dp - (1 - 


- q^)pd5- 


d'j ■ a 


= qad'j; 




d'-y ■ 


■7 = 






d-f-p 


= Pdl - iq-' 


— q)adS; 


dj 


■6 = 


q6d'-]' — (1 - 


' q'^hdS; 


d6 ■ a 


= adS; 




d5- 


■7 = 


q'yd6] 




d6-p 


= qPdS; 




d5 


■6 = 


q^6d6. 





It is worthwhile to note that it admits an extension up to a f/^g-module first order 
differential calculus over UqQ-modu\e algebra C[Pl2,4]g,t: dt ■ t = q~Hdt, 

dz -t = q~^tdz, dt ■ z = q~^zdt + (g^^ — l)tdz for all z G {a, /5, 7, 5}. 

Turn back to C[Mat2]q. The operator d is given on the generators of this algebra in an 
obvious way and is extended onto the entire algebra via the Leibnitz rule. The operators 
d d d d 

t;— 5 777^5 777 ill C[Mat2l(, are imposed in a standard way: 
da dp 07 00 

df , df ,^ df , df 
df = —da + —dp + —d'j + —dd. 
da dp d'j do 

As an easy consequence of the definitions one has 

Proposition 6.2 Let = - q^^. 

i) Oq intertwines rcq and TTgs: 

^(On, = □gvr,(0, ^^Uqg. 

a) L = Ker Oq . 

%%%) {a5 - g/37)n,|^j^^^^j(.,.,) = q-^ ■ ^-^^ ^ _ ^2 ' 

Corollary 6.3 For all s 

Dq{a6 - qP^y = bq{s){a6 - qP^y-\ 
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bg{s) is a q-analogue of the Sato-Bernstein polynomial b{s) = s(s + 1) for the pre- 
homogeneous vector space Mat2. In a recent preprint j7j and the works cited therein, 
another approach to q-analogues for algebras of differential operators was used to pro- 
duce q-analogues of the Bernstein polynomials. 

Consider the vector space (with its standard coordinate system ti, t2, 14), 
together with the associated projective space CP^. Let L C CP^ be a projectivization of 
the plane ts = = 0. It is well known that in the case q = 1 the ladder representation is 
isomorphic to the natural representation of Uq in the cohomologies if^(CP^\L, 0{—2)). A 
computation of these cohomologies by the Cech method leads to the Laurent polynomials: 

H\CF' \ L, Oi-2)) = J2 ^n,n,n.J^t^t^ti 

0'lj2,j3j4)eJ 

with J = {(jl, J2, J3, J4) e Ji > 0, J2 > 0, J3 < 0, J4 < 0, Jl + J2 + J3 + J4 = -2}. 

So, one has two geometric realizations of the ladder representation of 5'f/2,2 (those in 
i7i(CP^\L,C(-2)) andinKerD). 

The lowest weight subspace in H^(CF^ \ L, 0{—2)) is generated by the Laurent poly- 

d d d 

nomial ^7^, and in the kernel of □ = 7—— — 7— r-:— by the constant function 1. There 
^ dads d(3d'y 

exists a unique isomorphism between the two realizations of the ladder representation 
which takes t'^^t^^ to 1. This operator is very essential in the mathematical physics and 
is called the Penrose transform [T]. A replacement of the commutation relation titj = tjti 
by titj = qtjti, i < j, allows one to transfer easily the above observations onto the case 
< g < 1 (more precisely, everything but the notion of cohomologies for quasi-coherent 
sheaves). It is just the way of on which another realization of the ladder representation 
and the quantum Penrose transform appear. 



7 The principal degenerate series of quantum Harish-Chandra modules 

In the classical theory the principal series of Harish-Chandra modules are associated to 
parabolic subgroups P. Our purpose is to produce a q-analogue of the principal series 
of Harish-Chandra modules associated to a stability group P for a point of the Shilov 
boundary p G S(JJ). 

We call a [/^g-module V Z^-weight module if ^ = with fi = (/ii, yU,2, /Us) G 

Vf, = {ve V\ Kfv = q^^'^v, J = 1, 2, 3}. 

A quantum Harish-Chandra module is a finitely generated Z'^-weight f/^g-module V 
such that 

i) is a sum of finite dimensional simple t/g6-modules, 

ii) each simple finite dimensional t/gt-module W occurs in V with finite multiplicity 

(dimHom;7^e(W^, ^) < c>o). 

Quantum Harish-Chandra modules are quantum (g, t)-modules, and the notion of 
unitarizability is applicable here. The rest of this section is devoted to producing the 
principal degenerate series of the unitarizable quantum Harish-Chandra modules. Note 
that producing and classification of simple unitarizable quantum Harish-Chandra modules 
still constitute an open problem even in our special case of quantum S'f/2,2- 

In the case A G — 2Z+ one has a well defined linear operator Pol(S'(U))g — > Pol(S'(I[J))g, 

same argument as that applied in section 3 to produce 

VTgA, yields 
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Proposition 7.1 There exists a unique one-parameter family Tg\ of representations of 
UqQ in the space Pol(S'(U))g of polynomials on the Shilov boundary of the quantum matrix 
ball such that 

i) for all A G -2Z+, ^ G UqQ, f G Pol(5(U))g one has 

{Tq.{i)f){a5 - qPl)-'/H-' = - qPir'/H^'y, 

a) for all ^ G UqQ, f G Pol(S'(I[J))q, the vector function t^a(^)/zs a Laurent polynomial 
of the indeterminate C = Q^- 

Note that the multiple {aS — q(3'^)~^^'^ provides the integral nature for weight of Tq\. 
We are to produce a q-analogue of the principal degenerate series of Harish-Chandra 
modules associated to the Shilov boundary S'(U). 

REMARK. For q = 1 the construction of degenerate discrete series involves a finite 
dimensional irreducible representation r of a reductive subgroup M. (This subgroup is 
determined in a standard way: 

P = MAN, S{iJ) SU2,2)- 

We have produced q-analogues of those representations of degenerate discrete series where 
r is trivial, i.e. a q-analogue of the spherical principal degenerate series: 

V(0i = e(0i, ^eUql. 

Turn to a construction of the corresponding principal unitary series. 

Proposition 7.2 In the case ReA = 2 the quantum Harish-Chandra module associated 
to TqX is unitarizable: 

j /2(v(0/i)rf/i= / (vr)/2)7i^/^ (7.1) 

S{V)q 5(U), 

for a///i,/2GPol(S(U)),, 

Proof. The representation TqX can be defined in a different way, as one can extend the 

f/g0-module algebra Pol(5'(U))g via adding to the hst of generators the powers t^, (t*)^, 
{a6—q(3'y)^ for any A G C. The relations between the generators of the extended algebra as 
well as the action of Ej, Fj, K^^, j = 1, 2, 3, on them are derived from the corresponding 
formulae for integral powers of t, t*, and a6 — q/3'~f via the analytic continuation which 
uses Laurent polynomials of the indeterminate C = q^- Moreover, this new algebra may 
be endowed with an involution as follows 

{t'y = {t*f, {{a6 - qP^YT = q-'~' ■ [aS - q(3^)-~' 

(where bar denotes the complex conjugation), and thus it is made a f/^g-module *-algebra. 
Now the relation (j7.1|) follows from 
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Lemma 7.3 Let ReA = 2. The linear subspace 

{{a6 - g/?7)-^/2 ■ r^)* ■ Pol(S(U)), • {a6 - qf3^)-^/^ ■ 
is a UqQ-module, and the linear functional 

5(U), 

is a UqQ-invariant integral. 

Proof of lemma 17!^ Suppose that X = 2 + ip with p G M. Then, by definitions, 
{{a6 - ■ f-'Y ■ f ■ {a6 - q(3^)-'^l' ■ t'' = 

(r)-A . _ qp^y)-V2 .f.^a6- q(3^)-^l' ■ t~' = 

= const(p) ■ . (ryp ■ {aS - qp-i)-'p ■ f ■ t-'p ■ t-\ 

Now it suffices to apply proposition 14. 5t the equality 

and the observation that the element t*t^^(a;5 — G Pol(5'(U))g commutes with any 
element of the subalgebra Pol(S'(I[J))g and is a ?7g0-invariant. 

A construction of the second part r'^x of the principal degenerate series of quantum 
Harish- Chandra modules we are interested in is described in the following proposition. 
Its proof is just the same as that of proposition 17. 11 

Proposition 7.4 There exists a unique one-parameter family t'^^ of representations of 
UqQ in the space 'Po\{S{\]))q such that 

z) for all X G -2Z+, ^ G Uqg, f G Pol(5(U))g, one has 

- qPl)-'/H-'-' = - qP^)-'/H-'-') 

a) for all ^ G UqQ, f G Pol(5'(U))g, the vector function T'^x{C)f is a Laurent polynomial 
of the indeterminate C = Q^- 

Remark. Both parts Tgx, t'^x of the series of quantum Harish- Chandra modules in 

question could be also derived via embeddings of vector spaces Pol(S'(I[J))q Pol(S'(U))g, 
/ ^ ft^^t*^^. For that, with h — I2 G Z being fixed, one should arrange 'an analytic 
continuation in = g'l+'a'. An equivalence of the two above approaches to producing the 
principal degenerate series follows from properties of the element t*t~^{a6 — q/Sj)'^ (see 
proof of lemma 17. 3p . 
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8 The principal non-degenerate series of quantum Harish-Chandra modules 

The finite dimensional simple weight UqQ-modvles allow a plausible description in terms of 
generators and relations when the highest weight vectors are chosen as generators. In the 
infinite dimensional case the capability of this approach is much lower. The well known 
method of inducing from a parabolic subgroup in our case is also inapplicable due to the 
absence of a valuable q-analogue of the Iwasawa decomposition. 

Fortunately, there exists one more approach to a description of Harish-Chandra mod- 
ules, that of Beilinson and Bernstein Within the framework of this approach simple 
Harish-Chandra modules are produced in cohomologies with supports on i^-orbits in the 
space of full flags X = G/B (in our case G = SL^, K = S{GL2 x GL2), and B a standard 
Borel subgroup). The principal non-degenerate series is related to an open orbit, which is 
an affine algebraic variety. This fact sharply simplifies the problem of producing the prin- 
cipal non-degenerate series, and makes it possible to solve the problem for the quantum 
case. 

An application of the results of Kostant [S] allows one to obtain an analogue of propo- 
sition 031 for full flags and to prove that, together with every quantum Harish-Chandra 
module, the principal non-degenerate series contains its dual. 



Appendix 1. A complete list of irreducible *-representations of Pol(Mat2)q 

This appendix presents an outline of the results of L. Turowska 20 on classification of 
irreducible *-representations of Pol(Mat2)g. 

To forestall the exposition, note that every irreducible representation from the list of 
L. Turowska possesses a distinguished vector v (determined up to a scalar multiple) and 
is a completion of the Pol(Mat2)q-module V = Pol(Mat2)gf with respect to a suitable 
topology. Our intention is to produce the list of relations which determine the above 
Pol(Mat2)ij-modules. As one can observe from the results of L. Turowska, the non-negative 
linear functionals 

: Pol(Mat2)g ^ C, lg:f^{fv,v) 

lead in the classical limit g — 1 to non-negative linear functionals on the polynomial 
algebra Pol(Mat2). The limit functionals are just the delta-functions in some points of 
the closure of the unit ball U. 

We list below those points, together with the lists of determining relations for the 
associated Pol(Mat2)g-modules''. 

0-dimensional leaves 

\0 e^^y a*v = e-''P^v, p*v = 0, 7*^ = 0, 6*v = e-'^^^v, y?2 G M/27rZ. 



2-dimensional leaves 

/O 0\ (3v = 0, -fv = 0, 6v = e''^v, 

[0 e'^ J a*v = 0, (3*v = 0, 7*1; = 0, 6*v = e-'^v, G M/27rZ. 

^Consider the Poisson bracket {/i,/2} = lim , h = 21og(g~^), and associate to each of those points 

a bounded symplectic leaf containing this point. An important invariant of the irreducible *-representation is the 
dimension of the associated symplectic leaf. 
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av = 0, [3v = e^^^v, •yv = e'^'^^v, 

a*v = -q-^e-'^^^^+^^^dv, /3*v = e'^'^^v, 7*1; = e-'"^^v, 6*v = 0, 
(fii,(fi2 e M/27rZ. 

4-dimensional leaves 
/ 0\ av = 0, yv = e'^w, 

l^e^"^ oj a*v = 0, f5*v = 0, 7*1; = e-'^^v, 6*v = 0, <^ e R/2nZ. 




'0 e'^' 




= 0, Pv = e^'^v, 
a*v = 0, p*v 



Yv = 0, 6*v = 0, G M/27rZ. 



6-dimensional leaves 

f e'^P 0\ av = e'^v, 

\^ Oy a*v = e-'-^v, (3*v = Yv = 6*v = 0, ip e R/2nZ. 



8-dimensional leaf 




a*v = (3*v = 7*f = 6*v = 0. 



It follows from the results of L. Turowska that every of the above Pol(Mat2)g-niodules 
can be equipped with a structure of pre-Hilbert space in such a way that the Pol(Mat2)g- 
action is extendable onto the associated Hilbert space, and this procedure provides a 
complete list of irreducible *-representations of Pol(Mat2)g^. 

Note that the ^-representation associated to the 8-dimensional symplectic leaf is faith- 
ful; it is unique (up to a unitary equivalence) faithful irreducible ^-representation. The 
uniqueness is easily deducible from the commutation relations between a, j3, 7, S, a*, j3*, 
7*, 6*, y (the later element is defined in section 3). 

Another two series of ^-representations are related to the leaves that contain unitary 
matrices 





M 


r 




I 










These two series are due to the *-homomorphism Pol(Mat2)g — > C[f/2]g described in the 
main sections of this work. They could be obtained within the theory of ^-representations 
of the algebra C[f/2]g of regular functions on the quantum 1/2- 
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Notes of the Editor 

The results of L. Turowska mentioned in this work were apphed recently in [T]. 

A quantum analogue of the Shilov boundary in a more general context was produced 
inEl. 

The correspondence of the notion of Shilov boundary used in this work and its well 
known counterpart by W. Arveson is discussed in [3]. 

References 

[1] D. Proskurin, L. Turowska, On the *-algebra associated with Pol(Mat2,2)(j, Methods of 
Functional Analysis and Topology, 7 (2001), No 1, 88 - 92. 

[2] L. Vaksman, Quantum matrix ball: the Cauchy-Szego kernel and the Shilov bound- 
ary, Matematicheskaya Fizika. Analiz. Geometriya, 8 (2001), No 4, 366 - 384; 
|math.QA/0101179 | 

[3] L. Vaksman, Maximum principle for holomorphic functions in quantum ball, submitted 
to Matematicheskaya Fizika. Analiz. Geometriya (in Russian). 



PART III 

QUANTUM HARISH-CHANDRA MODULES 
ASSOCIATED TO q-CARTAN DOMAINS 



NON-COMPACT QUANTUM GROUPS AND 
HARISH-CHANDRA MODULES 



D.Shklyarov^ S.Sinel'shchikov"'" A.Stolin^ L.Vaksman^ 



^Institute for Low temperature Physics & Engineering 
47 Lenin Ave., 61103 Kharkov, Ukraine 

■l-Chalniers Tekniska Hogskola, Mathematik 
412 96, Goteborg, Sweden 

Abstract. An important problem of the quantum group theory is to construct and 
classify the Harish-Chandra modules; it is discussed in this work. The way of producing 
the principal non-degenerate series representations of the quantum SUn.n is sketched. A 
q-analogue for the Penrose transform is described. 

A general theory of non-compact quantum groups which could include, for instance, 
quantum SU2,2, does not exist. However, during the recent years, a number of problems on 
non- commutative geometry and harmonic analysis on homogeneous spaces of such 'groups' 
was solved. In these researches, the absent notion of non-compact quantum group was 
replaced by Harish-Chandra modules over quantum universal enveloping algebra UqQ. 
This work approaches an important and still open problem in the theory of quantum 
groups, the problem of constructing and classifying quantum Harish-Chandra modules. A 
construction of the principal non-degenerate series of quantum Harish-Chandra modules is 
described in the special case of the quantum S'f/2,2- A q-analogue of the Penrose transform 
is investigated. 

The last named author is grateful to V. Akulov for numerous discussions of geometric 
aspects of the quantum group theory. 

Everywhere in the sequel g stands for a simple complex Lie algebra and {ai, 0^2, . . . , ai} 
for its system of simple roots with the standard ordering. The field C(g) of rational 
functions of the deformation parameter q normally works as a ground field (when solving 
the problems of harmonic analysis, it is more convenient to assume q G (0, 1) and to set 
C as a ground field). 

A background in quantum universal enveloping algebras was made up by V. Drinfeld 
and M. Jimbo in mid-80-ies. The principal results of this theory at its early years are 
expounded in the review jU] and in the lectures |5j . We inherit the notation of these texts; 
in particular, we use the standard generators {Ej, Fj, K^^}j=i^2,...,i of the Hopf algebra 
UqQ and relatively prime integers dj, j = 1, 2, . . . , /, which symmetrize the Cartan matrix 
of (note that dj = 1, j = 1,2, . . . ,/, in the case g = sl^+i). We restrict ourselves to 

This research was supported in part by Award No UMl-2091 of the US Civilian Research & Development 
Foundation 

This lecture has been delivered at the Conference 'Supersymmetry and Quantum Field Theory'; published in 
Nucl. Physics B (Proc. Suppl.) 102& 103 (2001), 334 - 337. 
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considering X -weight [/g^-modules V i.e. those admitting a decomposition into a sum of 
weight subspaces 

^ = M = (/ii, /i2, . . . , /iz) e Z\ V^ = {ve V\ Kfv = q^'^^'^^v, J = 1,2,..., I}. 

Recall that some of the simple roots ai,a2, . . . ,01 determine Hermitian symmetric 
spaces of non-compact type [4 .(The coefficients of such simple roots in an expansion of 
the highest root of g is 1.) For example, in the case g = sli+i all simple roots possess 
this property. Choose one such root aj^ and introduce the notation Uqt for the Hopf 
subalgebra generated by K^^, Ej, Fj, K^^, j 7^ jo- Of course, every t/^g-module V is also 
a ?7g6-module. 

A finitely generated Z'-weight [/^g-module V is called quantum Harish- Chandra mod- 
ule if 

1. f/gt-module is a sum of finite dimensional simple t/gt-modules, 

2. every finite dimensional simple t/^t- module W occurs with finite multiplicity 
{dim}iomu^i{W,V) < 00). 

In the classical theory there are several methods of construction and classification of 
Harish- Chandra modules ^U]- A similar problem for quantum Harish-Chandra modules 
is still open. In our opinion, it is among the most important of the quantum group theory. 

To describe obstacles that appear in solving these problems, consider the Hermitian 
symmetric space SU2,2/ S{U2 x f/2). It is determined by the Lie algebra q = and the 
specified simple root = 0:2 of this Lie algebra. 

Our primary desire is to construct a q-analogue for the principal non-degenerate series 
of Harish-Chandra modules. This interest is partially inspired by Casselman's theorem 
PP which claims that every classical simple Harish-Chandra module admits an embedding 
into a principal non-degenerate series module. A well known method of producing this 
series is just the induction from a parabolic subalgebra. Regretfully, this subalgebra has 
no q-analogue (this obstacle does not appear if one substitutes the subalgebra Ut, thus 
substituting a subject of research, cf. j^)- Fortunately, a quantization is available for 
another less known method of producing the principal non-degenerate series. We describe 
this method in a simple special case of quantum SU2,2- 

Let G = SL^i^C), K = S{GL2 x GL2), B C G he the standard Borel subgroup of 
upper triangular matrices, and X = G/B the variety of complete fiags. It is known that 
there exists an open i^-orbit in X. It is well known that this orbit is an affine algebraic 
variety [10, . The regular functions on this orbit constitute a Harish-Chandra module of the 
principal non-degenerate series. The regular differential forms of the highest degree form 
another module of this series. The general case is essentially approached by considering 
a generic homogeneous algebraic line bundle on X and subsequent restricting it to the 
open A'-orbit. The above construction procedure can be transferred to the quantum case 
and leads to the principal non-degenerate series of quantum Harish-Chandra modules. 

In the classical representation theory, the above interplay between i^'-orbits on the 
variety and the theory of Harish-Chandra modules constitutes a generic phenomenon. 
In the theory of Beilinson-Bernstein, simple Harish-Chandra modules are derived from 
the so called standard Harish-Chandra modules. Furthermore, every series of standard 
Harish-Chandra modules is associated to a i^-orbit in X = G/B. However, given an 
orbit Q of a codimension s > 0, one should consider the local cohomology Hq{X,J-') 
instead of functions on Q, with JF being a sheaf of sections of a homogeneous algebraic 
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line bundle (here our description of a standard module is somewhat naive but hopefully 
more plausible; the precise construction is expounded in [TU]). 

Our conjecture is that the standard quantum Harish-Chandra modules can be pro- 
duced via some q- analogue of local cohomology Hq{X,J^). An immediate obstacle that 
appears this way is in a lack of critical background in non-commutative algebraic geome- 
try. 

Probably the case of a closed i^-orbit Q G X is the simplest and most important one. 
Note that closed i^'-orbits are related to discrete series of Harish-Chandra modules, which 
are of an essential independent interest p!21 . 

To conclude, consider a very simple example of a closed i^'-orbit in the space of incom- 
plete flags which leads to the well known 'ladder representation' of the quantum S'f/2,2 
and a q-analogue of the Penrose transform P]. 

We start with a purely algebraic description of the corresponding simple quantum 
Harish-Chandra module, to be succeeded with its two geometric realizations. Quantum 
Penrose transform intertwines these geometric realizations and is given by an explicit 
integral formula. 

Consider the generalized Verma module M over f/gS[4 given by its single generator v 
and the relations 

F,v = E,v = {Kf - l)v = 0, j = 1, 3, 
F2V = 0, K^^v = q^^v. 

Consider its largest ?7gSl4-submodule J ^ M and the associated quotient module 
L = M/ J. Thus we get a simple quantum Harish-Chandra module which is a q-analogue 
of the f/gS[4-module related to the ladder representation of S'f/2,2- 

The first geometric realization is related to the i^'-action in the variety CP^ of lines in 
C^. We use the coordinate system (ui, M2, M3, U4) in C^. Let Q C CP^ be the subvariety 
of lines which are inside the plane M3 = M4 = 0. Then, as it was demonstrated in [2], 
the local cohomology i^^(CP^ 0{-2)) can be described in terms of Laurent polynomials 
with complex coefficients 




This space of Laurent polynomials is a f/s^-module since it is a quotient of the UsU- 
module 



E 



'^jli2i3J4'^i "^2 "^3 "^4 



Jl>0, J2>0}. 



A similar geometric realization of the quantum Harish-Chandra module L is accessible 
via replacing the classical vector space with the quantum one, which means just 
replacement of the commutation relations UjUj = ujUt with UiUj = qujUi, 1 < « < j < 4. 

The second geometric realization is in considering the vector space of polynomial 
solutions of the 'wave equation' in the space Mat2,2 of 2 x 2 matrices: 



^ ( ( " f ) ) e C[Mat2,: 



dad 5 dpd^ 
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The structure of a UsU-modnle in the space C[Mat2,2] of polynomials on the space of ma- 
trices is introduced via embedding into the space of rational functions on the Grassmann 
variety of two-dimensional subspaces in C^: 

<("'))"<t;:;::: IS'- 

Here = tiit2j — tijt2i, i < j, and tij are the generators of the algebra C[Mat2,4] of 
polynomials on 2 x 4 matrices. This realization is can be transferred onto the quantum 
case, with the ordinary wave equation being replaced by its q-analogue 



dad6 dl3d^ 

and ordinary matrices by quantum matrices (cf. 3J). It is worthwhile to note that we use 
[/q5[4-invariant differential calculus on the quantum space of 2 x 2 matrices. 

The isomorphism of the two geometric realizations of the ladder representation is 
unique up to a constant multiple. In the case g = 1 it is given by the Penrose transform. 
It can be defined explicitly by the following integral formula: 



„ / 2 2 2 2 \ 

\i=l i=l i=l i=l / 



where it is implicit that 

(CA3 + CA3)- = ;r^'f;(-l)'- 



oo ^ 

(Cltl4 + C2t24)-' = $^(-l)M 
i—n V 



k=0 

and the f/s [2- invariant integral is given by 



14 



(a passage from the Pliicker coordinates to polynomials on Mat2,2 is described by 

(|U.ip ). For example, in the case of a lowest weight vector we have 

U3U4 

1 1 

^ 1. 



U3U4, tl3^24 — ^14^23 

To pass from the classical case to the quantum one it suffices to replace the ordinary 
space with its quantum analogue: C1C2 = 1(2(1^ the ordinary product in J^d^ij with 

i 

the tensor product and to order multiples in the above formulae in a proper way. 

We thus get the quantum Penrose transform, which is an isomorphism of the two 
geometric realizations of the quantum Harish-Chandra module L. 

It is well known [H] that the quantum Harish-Chandra module L is unitarizable. The 
second geometric realization of this module allows one to find the corresponding scalar 
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product as in [H^ (using an analytic continuation of the scalar product involved into the 
definition of the holomorphic discrete series [TT]). 

The precise formulations and complete proofs of the results announced in this work 
will be placed to the Eprint Archives (http: / / www.arXiv.org/find/mathJ . 
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1 Introduction 

In the framework of the theory of quantum groups and their homogeneous spaces we 
consider two geometric reahzations for the quantum ladder representation, together with 
an intertwining linear transformation — the quantum Penrose transform. 

In section 2 we supply a preliminary material on the classical Penrose transform and 
prove ()2.1|) . The q-analogue of ()2.1|) is to be used in section 3 to produce a quantum 
Penrose transform. 

Our results hint that a great deal of constructions specific for the theory of quasi- 
coherent sheaves admit non-commutative analogues. This research is motivated by a 
possibility to use the results of non-commutative algebraic geometry for producing and 
studying Harish-Chandra modules over quantum universal enveloping algebras. 

There is a plenty of literature on the Penrose transform, quantum groups, and non- 
commutative algebraic geometry. We restrict ourselves to mentioning the monographs 
El El E] , papers [H HUj , and the preprint . 

Note that a noncommutative analogues for the Penrose transform and covariant dif- 
ferential operators are also considered in the preprints [SI [12] and in the papers [3 [H [7] 
respectively in a completely different context. 

2 The classical case 

To recall the definition of the Penrose transform, we restrict ourselves to a simplest sub- 
stantial example. In this special case, the Penrose transform intertwines the cohomology 
of the sheaf 0(-2) on 

U' = {{ui ■.U2:us: u^) G CP^| ^ or U4 ^ 0} 

and sections of the sheaf 0{—l) on some open affine submanifold of the Grassmann 
manifold Gr2(C^) CP^. Instead of the Grassmann manifold, we prefer to consider 

Ukrainian Journal of Physics, 47 (2002), No 3, 288 - 292 
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the Stifel manifold of ordered linear independent pairs of vectors in C^. In this context, 
the G'L2-covariant sections on the Stifel manifold work as sections of the sheaf 0{—l) on 
Gr2(C4). 

Associate to each matrix t = (tij)i=i,2;j=i,2,3,4 G Mat2,4 the pairs of vectors in C'': 

(^11, ti2, ti3, tu), {t21, t22, t23, ^24)- 

Consider U" = {t e Mat2,4| ^13^24 — ^14^23 7^ 0}. Every point u — {ui : U2 : us : U4) e U' 
determines a one-dimensional subspace Lu C C^, and every point t e U" determines 
a two-dimensional subspace generated by the vectors of the corresponding pair. Let 
U = {(u,t) eU' X U"\ C Lt}. We thus get a 'double fibration' U' ^ U ^ U", which 

leads to the Penrose transform. It should be noted that every line Lt is of the form 

\r21 122 123 124 / 

Hence the above double fibration is isomorphic to the double fibration 

U' ^ CP^ X U" U", 

with 

(/^ (til ti2 ti3 

■ [t2l t22 t2S t2,) ) ^ 

iiCihi + C2^2i) : (Ci^i2 + (2^22) : (Ci^i3 + (2^23) : (Ci^i4 + (2^24))- 

We thus get a coordinate description for the double fibration in question; this coordinate 
description is going to be implicit in all subsequent computations. Let us look at the 
cohomologies. 

Consider an open affine cover U' — U1LIU2, 

Ui = {(i^i :U2:U3: U4) G U'\ U3 ^ 0}, 
Vi = {(lii '■U2:u2,: U4) e U'\ Ui ^ 0}, 

and compute the Cech cohomology H^{U', 0(— 2)). Let C[mi, U2, uf^, uf^] be the Laurent 
polynomials in indeterminates Us, U4, with coefficients from C[ui, U2]- Introduce in a sim- 
ilar way C[mi, M2, M^^, M4], C[ui, U2, u^, u^^]; of course, these appear to be [/s^-modules. 

It follows from the definition of the Cech complex that there exists a natural isomor- 
phism of ?7sl4-modules: 

H\U',0{-2)) = 

{/ e C[ui, U2, uf^, ^] / {C[ui, U2, uf^, Ui] + C[ui, U2, U3, U^^]) \ 

deg/ = -2}. 

Hence the Laurent polynomials 

form a basis of the vector space H^{U' , 0{—2)). 
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Consider the trivial bundle over U" with fiber H^{CF^,0{-2)). It is known that 

H^{CF^, 0{—2)) ~ C, and the isomorphism is available via choosing an open affine cover 
CP' = {(Ci : C2)|Ci 7^ 0} U {(Ci : (2)1(2 ¥^ 0}. Specifically, E Cj^ClC^ ^ c_i,_i. 

j+k=-2 

In a different notation / 1— > CT((i(2/), with CT : J] 9^(^(3 1— > Cqo (the constant term 

of a series). Now T/ is defined as a higher direct image of the cohomology class ?]*/: 
7/ — T^rj*f. The linear map is called the integration along the fibers of r. We 
restrict ourselves to computing this 'integral' inside the infinitesimal neighborhood of 

to = g ^ g^ by uslug formal series in tn, ti2, tis, ^^"4 , ^21, ^23^, ^24 with coefficients 
from C[C^^Xt^]- Of course, rj* : f{u) 1— /(C*)- So, in the coordinate description 

? : /H ^ crc((i(2/(Ct)), / e u3-^«4-^CK,«2,%\«4"'], (2.1) 

with CT^ being the constant term in the indeterminate C- 
Example. Compute ?( 1/(^3x^4)). One has: 

1 1 .ufCitis 



1 / 



(l^l3 + (2^23 (2^23 \(2^23 
1 



(l^l4 + (2^24 (l^l4 ^.^Q 



Hence, 



U3U4J V ^23^14 .-^Q 




^23^14 \^23^14/ ^23^14 1 — tj^f^ ^13^24 ~ ^14^23 

Remark. It is known that the Penrose transform is an isomorphism between the two 
reahzations for the 'ladder' representation of sU- the representation in H^{U',0{—2)) 
and the representation in 

Wzlzl,zlzl){h3h4-tut23r' e i/°(^7",0(-l))| = 0}, 

def d^ij d'^ip 
where Dtp = ttt^ - a la 2 ' 

OZ{OZ2 dZ20Zl 

1 _ ^11^23 ~ ^13^21 1 _ ^12^23 ~ ^13^22 

^13^24 ^14^^23 ^13^24 ~ ^14^23 

2 _ ^11^24 ~ ^14^21 2 _ ^12^24 ~ ^14^22 
2^ — , 2^2 — • 

^13^24 — ^14^23 ^13^24 — ^14^23 

The vectors l/{u3U4) and l/(ti3t24 — ^14^23) are lowest weight vectors for the above repre- 
sentations of 5(4. Of course, zj, z\, z\, z\ can be considered as the standard coordinates 
on the big cell ^13^24 — ^14^23 7^ of the Grassmanian Gr2(C^). 
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3 The quantum case 

In the previous section we produced the formula (j2.H) which can be treated as a definition 
of the Penrose transform in the classical case. Now our intention is to produce a q-analogue 
of (j2.H) . The principal difference from the constructions of section 2 is in replacement 
of the functors t]*, of the sheaf theory with the corresponding morphisms of UqSU- 
modules. (Here t/^sU is a quantum universal enveloping algebra. It is a Hopf algebra 
over the ground field C(g) and is determined by the generators {Ei, Fi, Kf^}i=i^2,3 and 
the well known Drinfeld-Jimbo relations [B].) 

The quantum projective space CPqyg^^j is defined in terms of a Z+-graded algebra 
C[mi, M2, Ms, M4]g whose generators ui, U2, Ms, M4 are subject to the commutation relations 

UiUj = qUjUi, i < j. 

Just as in the classical case, degw^ = 1, A; = 1, 2, 3, 4. The localization C[ui, U2, uf^^ u^^jq 
of C[ui,U2, U3, Ui]g with respect to the multiplicative system (usu^)^ is equipped in a stan- 
dard way with a structure of t/gS^-module algebra. The subalgebras C[ui,U2,uf^,Ui]q, 
C[ui,U2,Us,u^^]q constitute t/^s^-sub modules of the f/gSl4-module C[ui,U2,uf^,u^^]q. 
Thus we come to 

V = C[mi, M2, M3 \ M4 {C[ui, U2, uf^,Ui]q + C[mi, M2, ^3, ^4 (3.1) 

as a q-analogue of the UsU-module H^{U', 0{—2)). 

We have produced a q-analogue for the first geometric realization of the 'ladder rep- 
resentation'. Turn to a construction of its second geometric realization. 

The algebra C[Mat2,4]g of polynomials on the quantum matrix space is determined by 
its generators {tij}i=i,2;j=i,2.s,4 and the well known commutation relations 

tiktjk qtjktiki tkitkj qtj^jtj^i, Z < J, 

tijtkl = tkltij, i <k & j > I, 

tijtkl - tkltij = {q- q~^)tiktju i <k & j < I. 

The element t = tist24 — Q'ii4^2s quasi-commutes with all the generators tij, i = 1,2, 
j = 1,2,3,4. Let C[Mat2,4]g,t be a localization of C[Mat2,4]g with respect to the multi- 
plicative system and UqSi2 the quantum universal enveloping algebra (determined by 
the generators E, F, K^^ and the Drinfeld-Jimbo relations). 

C[Mat2,4]g,t is equipped in a standard way with a structure of t/gSb ® f/^s^-module 
algebra. In particular, C[Mat2,4]q,t is a t/^sU-module algebra. 

Introduce the notation: 

z\ = t ^(tiit23 — qtl3t2l), 
Zi = t (^11^24 — qtlAt2lj, 

It is well known and easily deducible that 

^k^k ~ l^k^k^ ^i^j ~ Q^j^i^ ^ < ji 

z^jZ^ = z'^z}, i<k & J>1, 

ZjZi - z'^z] = {q- q'^)zizj, i<k & j <L 



Z2 — t (^12^23 — qtizt22)i 
Z2 = t [ti2t24 — qtlAt22)- 
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It follows that the subalgebra generated by zl, z\, zf, is 'canonically' isomorphic 

to the algebra C[Mat2,2]i3 of 'polynomials on the quantum matrix space'. It is easy to 
demonstrate that C[Mat2,2]Q^~^ is a f/ySl4-submodule of the f/qSl4-modulc C[Mat2,4]g,t. 

The simple submodule of the ^/^s^-module C[Mat2,2]q^~^ we are interested in is dis- 
tinguished via a q-analogue Dg of the wave operator □: 



d d 



-Q- 



d d 



dzl dz2 dz\ dzj ' 
0, t/j E C[Mat2,2]q}- It is worthwhile to note that the 



Specifically, V" 

d 

operators —j are defined in terms of a C/q5[4-invariant first order differential calculus in 

j 

C[Mat2,2]g: 



df 



In turn, this first order differential calculus is defined by the following well known 'com- 
mutation' relations: 



z\dz\ 
z\dz\ 
z\dzl 
z\dzl 

z\dz\ 
z\dz\ 

zldz\ 
zfdzl 
zjdzj 
zldzl 



z'^dz\ 



^2 dzi^ 



q-y^ ■ zl 
q^^dzl ■ zl 
q'^dzf ■ zl 
dzl ■ zl 



q ^dzl 
q^^dzl 

d/Z-^ ' ^2 

q~^dzl 

q~^dzl 
dzl 
q^'^dzf 
q-^dzl 



■ ^2 

+ {q- 



q)dz. 



zi + {q~' - \)dzi 



z\\ {q ^ — q)dz\ 



z^dzl = dzl ■ -^2 + ^ ~ q)dz\ ■ zl + {q ^ — q)dzl ■ z\ + {q ^ — q^dz^ 



q ^dz\ 



z^dzf = q ^dzf 



+ - l)dzl 



q "^dzl 



We thus get the two C/qSl4-modules V\ V"; our intention is to find an explicit form of 
the linear map which provides an isomorphism T : V ^ V". 

We follow the ideas of classical constructions described in section 2 in considering the 
quantum projective space CP^^g^j^^. More precisely, let us consider a Z_|_-graded algebra 
C[Ci,C2],: 

C1C2 = ?C2Ci, deg(Ci) = deg(C2) = 1, 

together with its locahzation CfCf'"''^, C^^]? with respect to the multiphcative system (CiC2)^- 
The algebra C[Cf ^, C2^]q is equipped in a standard way with a structure of C/g5(2-niodule 
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algebra. The following homomorphism of algebras will work as the operator f{u) ^ 

T]* : C[Ui, U2, Us, Ui]g C[Cl, C2]q ® C[Mat2,4]g, 

7]* : Uj f-^ Ci ® tij + C2 ® t2j, j = 1, 2, 3, 4. 

To follow the constructions of section 2, we have to invert the elements Ci®^i3+C2®''^23; 
Ci®ii4 + C2®^24 in a suitable localization of C[(^^, (t^]q^^W^^^2,4]g,t- It is easy to verify 
that 

(^14^23)' ■ C[Mat2,4],,t C C[Mat2,4]g,t • (tl4t23), 
C[Mat2,4]g,t ■ (tl4t23)' C (ti4t23) " C[Mat2,4]g,t. 

Thus we have a well defined localization of C[Mat2,4]g,i with respect to the multiplica- 
tive system (^14^23)^- In an appropriate completion of this algebra one has the following 
relations: 

(Cl ® tl3 + C2 ® t23)'' = (C2 ® t23)~' i^'^^'T ® (^13^23')' , 

i=0 

(Cl ® tu +(2® h,)-' = (fi^-^y i^i'^^y ® (^r4 ^24)' j (Cl ® tu)-'. 

We define the quantum Penrose transform by 

TJ = (CT®id)(CiC2®l)(r77), 
where, just as above, CT : J^^ijCKi ^ and / belongs to the linear span of the 

ij 

elements 

<MfVX"'', J3>1 & 34 > I & Jl+j2-j3-j4 = -2. (3.2) 

Now (j3.1|) determines a f/qSl4-module structure in this linear span since the monomials 
fj3.2|) form a basis in the vector space V. 



4 Appendix 

We sketch here the proof of the fact that 7q is an isomorphism of ?7gS [4- modules V'^^^^V". 

It follows from the definition that [Pg is a morphism of ?7gS[4-modules. In view of 
the simplicity of V and V", it suffices to prove that 7q takes the (lowest weight) vector 
W^^u^^ G V to the (lowest weight) vector — (^13^24 — Q'ii4^23)~^- We start with an auxiliary 
statement: 

00 

(1 - {t2itl3) {tu't24)y' = fe'il3)' {tu't24Y . (4.1) 

fc=0 

It follows from the commutation relation 

(tr4 ^24) (t2t^i3) = 9"' {tTshs) (tr4 ^24) + l-q-^ 
and the relation (6.5) of pTIj . 
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An application of (j4.1|) allows one to prove that 

Tg (u^^u^^) = -(^13^24 - 9^14^23)"^- 

In fact, 

n {u^'u^') = CT ® id (^(2' ® ■ 

E(-i)^(CiC2"')^ ® 1'' fe'iis)' E(-i)'(CiC2"')'' ® itilt^^Y ] Ci' ® til ] ■ 

J=0 ) \i=0 

On the other hand, 

C2-^ (CiC2-^)' (cr^C2)'cr^ = ^-'c,,\-,' = g-'-'c^'c^'- 

Hence, 

00 

-2k /j.-Ij /'j.-lj- \^ \ J.-1 



^14 



n (nji^r^) = g-^t^-s E^"'' (tu't2,r fe'^ia) 

\A;=0 / 

= Q ""^ (^14 (1 — i23^^13'^14^^24) ^23) = " (^13^24 — ^'^14^23) ^; 

which completes the proof. 
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S. Sinel'shchikov^ A. Stolin^ L. Vaksman''^ 
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47 Lenin Ave., 61103 Kharkov, Ukraine 

^Chalmers Tekniska Hogskola, Mathematik 
412 96, Goteborg, Sweden 

1 Introduction 

The first step in studying quantum bounded symmetric domains was done in ^I]. Later 
on, an exphcit form of the Plancherel measure was found in [12J for the simplest among 
the above domains, the quantum disc. It is still open to extend this result onto an arbi- 
trary quantum bounded symmetric domain. Presumably, the initial step in this direction 
should be in producing and studying q-analogues of the principal non-degenerate series 
representations for automorphism groups of bounded symmetric domains. (It is certainly 
implicit in this setting that the quantum universal enveloping Drinfeld-Jimbo algebras 
work as quantum groups and the Harish-Chandra modules over those algebras work as 
representations of quantum groups [Tij.) 

The present work deals with the simplest bounded symmetric domain of rank 2 

D = {ze Mat2(C)| zz* < /}, 

its q-analogue (the quantum matrix ball), together with the associated Harish-Chandra 
modules. In section 2 we present a construction of the principal non-degenerate series of 
such modules. In section 3 we prove that, together with every Harish-Chandra module 
this series contains the dual Harish-Chandra module. 

The third named author is grateful to A. Rosenberg and Ya. Soibelman for a discussion 
of the results expounded in section 2 of this paper. 

2 A construction of the spherical principal non-degenerate series 

From now on we assume q to be transcendental and C to be the ground field. 

Consider the quantum universal enveloping algebra [/gS^. It is determined by its gen- 
erators {Ej, Fj, K^^}j=i^2,3 and the well known Drinfeld-Jimbo relations (see j^j). Recall 
that UqSl/i is a Hopf algebra. (The co multiplication A : UgSl^ — * UgSl^ ® UgSl/i is defined 

This research was supported in part by of the US Civilian Research & Development Foundation (Award No 
UMl-2091) and by Swedish Academy of Sciences (project No 11293562). 

This lecture has been delivered at the 10th International Colloquium 'Quantum Groups and Integrable Systems' 
in Prague, June 2001. The text is published in Czechoslovak Journal of Physics 51 (2001), No 12, 1431 - 1440. 



125 



126 



S. Sinel'shchikov, A. Stolin, and L. Vaksman 



by A{Kf) = Kf ® Kf\ A{Ej) = ® 1 + Kj ® E^, A(F,) = Fj ® Kr' + 1 ® F„ 
j = 1, 2, 3, the counit e : UgSU ^ C by ^(Ej) = 6{Fj) = e{Kf^ - 1) = 0, j = 1, 2, 3, and 
the antipode S : [/,s[4 UqSU by ^) = S{Ej) = -Kj^Ej, S{Fj) = -FjKj, 

j = 1,2,3). An ordinary universal enveloping algebra f/s[4 is derivable from t/^s^ via 
substituting q = e^^^^, K^^ = e^^^^^'^ and a formal passage to the limit h ^ 0. 

Introduce the notation UqQ for the Hopf algebra f/gS[4 and Ugt for its Hopf subalgebra 
generated by K^^, Ej, Fj, K^^, j = 1, 3. A t/^g- module V is said to be Z^-weight module 
if = V^, M = (/ii, /^2, /is) e Z3, = {t; G y I = q^^^^v, j = 1, 2, 3}. 

In what follows we are going to consider only f/^g-modules V of the above form, which 
allows one to introduce the linear operators Hi, H2, H3, in V with Kf^ = q^^\ i = 1,2, 3. 
Specifically, Hi\v^ = fij, i = 1,2,3. 

Remark. For every simple Lie algebra and every lattice L which is between the 
lattices of roots and weights, a class of L-weight f/^g-modules can be introduced in the 
same way. 

A Z'^-weight UqQ-modu\e V is called a Harish- Chandra module if 

1. Uqi-modnle is a sum of finite dimensional simple [7^6- modules, 

2. every finite dimensional simple f/gt-module W occurs with finite multiplicity 
{dimRomu^i{W,V) < 00)^. 

The initial step in studying such ?7qg-modules was done by the authors in [14j. To 
produce the principal non-degenerate series of Harish- Chandra modules, it was suggested 
to use the approach of Beilinson-Bernstein p. Within this approach, in the classical case 
(g = 1) the principal non-degenerate series admits a geometric realization on the open 
S{GL2 X GL2)-orbit U in the projective variety X of flags in C^. 

A passage to the quantum case should be started with producing a q-analogue for the 
open orbit U. We need a well known q-analogue of the the affine algebraic variety X 
associated to X. 

We are about to introduce a q-analogue C[X]q of the algebra C[X] of regular functions 
on X. Start with the algebra C[SL^]q of 'regular functions' on the quantum group S'L4. 
Its description in terms of generators tij, i,j = 1,2,3, and relations is well known [3^. It 
admits a canonical embedding C[S'L4]g ^ {UqO)* which sends tij into matrix elements of 
the vector representation of UqQ in the standard basis [2]. Thus C[5'L4]g is equipped with 
a structure of (UqQY^ ® t/gfl-module algebra^. 

Assume J C {1,2,3,4} and card(J) < 3. Introduce the notation tj for the quantum 
minor of the matrix (tij) formed by the initial card( J) lines and the columns with indices 
from J. For example, t{i^2} = tut22 - qti2t2i, ^{3,4} = ^13*^24 - qti422.- 

A complete list of relations between tj, card(J) < 3, includes commutation relations 
and the generalized Pliicker relations [T31[TU]. C[X]g is defined as a unital subalgebra of 
C[5'L4]q generated by tj, card(J) < 3. As a subalgebra of C-lSL^^q, C[X]g has no divisors 
of zero. It inherits a structure of ?7g0-module algebra from 'C[SL^q. Furthermore, it 

^The class of ?7g0-modules we are interested in differs essentially from that considered by G. Letzter . Both 
classes are accessible via the general approach of [3 Definition 2.2]. 

^For this and some other notions widespread in the quantum group theory the reader is referred to 0. The 
Hopf algebra (Uq^y^ is derivable from iUq^) via a replacement of its multiplication law with the opposite one. 
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admits a structure of Z^-graded algebra : 

{(1,0,0), card(J) = l 
(0,1,0), card(J)=2 
(0,0,1), card(J)=3. 

We use the (t/qg)°P-module structure in <C[SL^^ in the above definition. 

Turn to the classical case q — 1. Let B,N stand for the standard Borel and the 
unipotent subgroups of SL^, respectively. One has X ~ B\SLi, X \ {0} ~ N\SLi, 
which leads to a canonical morphism t: : X\ {0} — > X. An inverse image of the open 
orbit U <Z X with respect to tt is the open set 

^{l,2}i{3,4} (i{l}i{2,3,4} - i{2}i{l,3,4}) ^ 0. 

Thus we obtain an embedding of the algebra of regular functions £\U] into the locahzation 

of C[X] with respect to the multiplicative subset (t{i,2}i{3,4} (i{i}i{2,3,4} — ^{2}^{i,3,4}))^- 
Of course, the above Z^-grading admits a unique extension onto this localization, and the 
image C[f/] coincides with the subalgebra of all elements of degree zero. This description 
of C[t/] is to be used to produce its q-analogue. The UqS{2 ® t/gSl2-invariant element 

77 = t{i}t{2,z,i} - gi{2}i{i,3,4} 

of C[X]g will work as the SL2 x 5'L2-invariant element i{i}i{2,3,4} — ^{2}^{i,3,4} £ C[X]. 

Proposition 2.1 The multiplicative subset (t{i,2}^{3,4}'7)^ C C[X]g satisfies the Ore con- 
dition. 

Proof. It is easy to deduce commutation relations between t{i,2}, ^{3,4}; ^-^^ the 
generators tj of C[X]q. 

Describe some of those. The general properties of the universal R-matrix and the fact 
that all tj are matrix elements of simple C/q0-modules, imply the following 

Lemma 2.2 The elements t {1^2}, ^{3,4} quasi-commute with all the generators tj ofC[X]q. 
All the generators tj are derivable from the elements 

^{2}, ^{4}, ^{1,2}, ^{3,4}, ^{2,4}, ^{1,2,4}, ^{2,3,4}, 

via an application of Ei, E3, E^E^. Hence, in view of the relations 

E,r] = 0, Kfr] = r], 3^ 2, 

it suffices to obtain commutation relations between r] and the generators listed above. 
An application of the well known properties of the quantum determinants allows one to 
deduce the following relations: 

Lemma 2.3 

rit{2} = q~^t{2}V, Vt{A} = qt{A}V, 

Vt{l,2} = q~^t{l,2}V, Vt{3,4} = Qt{3,4}V, 

Vt{2,A} = qt{2,A}'ri - {I - q )t{2}^{l,2,4}^{3,4}, 

?7^{1,2,4} = g"^t{l,2,4}^, ^^{2,3,4} = g^{2,3,4}^- 
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It follows from the above commutation relations that for all the generators tj of C[X]q 
one has 



(i^{l,2}t{3,4}'7) e C[X]qt|i,2}t{3,4}^ 

tj (i{l,2}i{3,4}?7)^ e t{i,2}t{3,4}??C[X]g, 

that is, the Ore condition is satisfied. □ 
Corollary 2.4 For allleN 

V^{2,4} = {qt{2A}V - - ?')^{2}i{l,2,4}^{3,4}) V"^- 

Let [/ = IxeX 



i{i,2}t{3,4} (i{i}t{2,3,4} - ^{2}t{i,3,4}) 7^ 0|, and denote by C[U]q the 

localization of C[X]g with respect to the multiplicative subset (t{i,2}^{3,4}'7)^- Obviously, 
C[X]g ^ C[[/]g, and Z'^-grading is uniquely extendable from C[X]g onto C 

Proposition 2.5 There exists a unique extension of the structure of UqQ-module algebra 
from C[X]q onto C[U]q. 

Proof. The uniqueness of the extension is obvious. We are going to construct such 
extension by applying the following statement. 

Lemma 2.6 For every C, € UqQ, f G C[X]g, there exists a unique Laurent polynomial 
p^j(A) with coefficients from 'C[U]q such that 

Pui^i) =i{f ■ (^{l,2}t{3,4}^?)') (t{l,2}t{3,4}^)~^ , / G Z+. 

We can use the same Laurent polynomials for defining ^ {j ■ (t{i,2}^{3,4}'7)' j for all 

integers /. Of course, we need to verify that the action of ^ e UqQ in C[f/]g is well defined, 
and that we obtain this way a structure of f/gfl-module algebra. 

For that, we have to prove some identities for ^ G UqQ, (^/i ■ (t{i,2}^{3,4}'7)' j , 

{j2 ■ ('^{i,2}i^{3,4}'7)'j , fi, /2 G C[f/]g, / G Z. Observe that the left and right hand sides of 

those identities (up to multiplying by the same powers of t{i,2}^{3,4}^) are just Laurent 
polynomials of the indeterminate X = qK So, it suffices to prove them for / G Z+, due to 
the well known uniqueness theorem for Laurent polynomials. What remains is to use the 
fact that C[X]g is a UqQ-modu\e algebra. □ 

A more general but less elementary approach to proving statements like proposition 
12.51 have been obtained in a recent work by Lunts and Rosenberg jU]. 

Consider the subalgebra C[U]q = |/ G C[?7]g| deg/ = (0,0, 0)|. This t/^g-module 

algebra is a q-analogue of the algebra C[U] of regular functions on the open S{GL2 x GL2)- 
orbit U CX. 

The following quite plausible statement allows one to embed the above UqQ-module 
into a two-parameter family, the principal non-degenerate series. 
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Proposition 2.7 There exists a unique two-parameter family Try, \" of representations of 
UqQ in the vector space C[U]g such that 
i)for alll',l"eZ,^eUgQ,feC[U]g, 

{t{l,2}t{3,4}Y V" = e (/ ■ {t{l,2} ■ t{3,4})'' ■ V") 

a) for all ^ G UqQ, f G C[f/]g, the vector function vrA',A"(0/ ^■^ ^ Laurent polynomial 
with coefficients from C[U]q. 

Note that the method of 'analytic continuation' we use was suggested in [TB] . 

Proposition 2.8 The UgQ-modules associated to ir^i' , are Harish- Chandra modules. 

Proof. It suffices to consider the t/gg-module C[t/]q, i.e. the case /' = /" = 0. Obvi- 
ously, this UgQ-modvle is a Z^-weight module. Prove that the multiplicity of occurrence 
of simple t/^fi-modules in C[?7]q is the same as in the classical case g = 1. Equip the vector 

space €.[U]q with a filtration: £.[U]q = \JC[U]1^\ where 

j 

C[U]? = {/ • {t{i,2}ti3,,yvr I / e C[X]„ deg/ = (j,2j,j)} • 
The ?7qg-module 

^[U]^^^ ■ (i{i,2}t{3,4}r/r = {/ G C[X]q\ deg/ = (j,2j,j)} 

is simple, and ^liji^ii 2}^{i 2 3} highest weight vector. A restriction of this represen- 
tation onto Uqi splits into a direct sum of irreducible representations of this subalgebra 
with the same multiplicities as in the classical case g = 1. Hence the multiplicities in 
are also classical. What remains is to observe that in the classical case 
C[U] is a Harish-Chandra module. □ 

We thus obtain the spherical principal non-degenerate series: 



3 Duality 

Introduce the notation V^i' ^i" for the Harish-Chandra modules corresponding to the rep- 
resentations T^qV ^ql"- 

The outcome of the previous section was in producing the f/q0-modules V^i',,;" via 
demonstrating their geometric realization. This geometric realization is to be used in 
the present section to produce a f/q0-invariant pairing V^ii ^i" x V^-i-i' q-2-1" — > C (the 
associated linear map V^i' ^i" ® Vq-i-i' q-2-1" — >■ C is going to be a morphism of UqQ- 
modules). We restrict ourselves to the special case I', I" G Z. A passage to the general 
case can be performed using the analytic continuation in the parameters m' = g' , u" = g' 
as in the proof of proposition 12.51 

Recall that C[U]q = C[f/]y >, 



deg/ = (/,/,/")}, 
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and one has well defined bilinear maps 



Use the canonical isomorphisms 

to obtain a bilinear map 

The non-degenerate [/gg-invariant pairing 

we are interested in can be obtained as a composition of the above bilinear map and a 
t/qfl-invariant integral 

C[t;](-2,-2,-2) ^ / I /ci^., (3.1) 

normalized as follows: 

j {t{l,2}t{Z,^7fY^ dv = I. (3.2) 

What remains is to prove the existence and uniqueness of the above [/gfl-invariant integral 

V. 

Proposition 3.1 There exists a unique morphism of UqQ-modules \3. 1]) which satisfies 

Proof. We start with proving the uniqueness. Consider the classical case {q = 1). 
Obviously, the t/t-module C[?7] of regular functions on the orbit U splits as a sum of 
finite dimensional isotypical components. Hence, the multiplicity of a simple f/t-module 

W in C[f/](^) = {/ ■ (t{i,2}t{3,4}r/)-^' I / G C[X], deg/ = (j,2j,j)} is constant for j large 

enough. It is easy to prove, using the standard methods of the quantum group theory [3], 
the existence of a similar decomposition and stabilization of the multiplicity for all the 
transcendental q. Hence, the multiplicity of simple t/g 6- modules in the ?7q 6- module C[?7]g 
is finite. This multiplicity is the same as in the classical case since it is determined by 
the multiplicity of weights of finite dimensional t/g 6- modules C[?7]g"'\ In particular, the 
subspace of [/g 6- invariants in C[f/]g is one-dimensional, so we get the following 

Lemma 3.2 There exists a unique morphism of Uqt-modules i3. 1]) which satisfies A3, jj)) . 

Turn to the proof of existence of a morphism of f/^g- modules fj3.1|) which satisfies ()3.2|) . 

Lemma 3.3 



'.) The element uj = (t{i,2}^{3,4}'7^) generates the UqQ-module C[?7] 



(-2,-2,-2) 
9 



ii) The following relations are valid: ^uo = s{^)uj for ^ G Ugt; zoo = e{z)uj, for z G 
Z{UqQ). The standard notation Z{UqQ) is used here to denote the center ofUqQ. 
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Proof, i) Since q is transcendental, one can easily reduce the proof of the first state- 
ment to the proof of a similar statement in the classical case q = 1. For this case the 
result is a consequence of the well known Kostant theorem about cyclic vectors for princi- 
pal series |4| (observe that uj is the primitive weight vector with respect to the left action 
of UqQ and its weight is — 2p, with p being the half sum of positive roots). 

ii) The relation ^uj = e{^)uj, ^ G Uqt, is obvious. 

Consider an element z G Z{Ugg), together with its image i/j^ under the Harish-Chandra 
isomorphism. One has for m G Z_|_: 

Z {{t{l,2}t{3,4}V^)'^) = -^zC^mp) (t{l,2}t{3,4}^^)'" • (3.3) 

That is, 

(^{i,2}i{3,4}?7^)~"'^ ((i{i,2}i{3,4}?7^)") =^/'^(2mp). (3.4) 
Both sides of ()3.4|) are Laurent polynomials of q"^. Hence fl3.3|) . ()3.4j) are valid for all 
m G Z. In particular, z ^(t{i,2}^{3,4}'7^) = i'zi—'^p) (i{i,2}^{3,4}??^) ^- What remains 

is to prove that ipzi—'^p) = ^{z). It suffices to prove the equalities ipzi—'^p) = i^zi^), 
V'z(O) = £{z). The ffist of them is valid due to the invariance of ipz with respect to the 
standard action of the Weyl group. The second equality is obvious. □ 

Remark. It is convenient to pass from the Hopf algebras Ugt C UgQ to their 'exten- 
sions' Uqi'^^^ C UqQ^^^ as in pi, chapter 8.5.3]. ^ (These are derived via adding certain 

products of K^^^^, i = 1,2,3). Obviously, C[f/]g ^' ^' is a UqQ'^'^^ -module, and lemma 
13.31 can be proved for the f/^g'^'^^-module structure (in fact in the proof of lemma it is 
possible to use a quantum analogue of the Harish-Chandra isomorphism for algebras over 
the formal series of h). 

Corollary 3.4 Consider the U qQ^^^ -module V with a single generator v subject to the 
relations 

iv = e{Ov, eef/^r^*; zv = e{z)v, ^ G Z(f/,0'=^*). 
The map v ^ uj is uniquely extendable up to an onto morphism of UqQ^^^ -modules ip : 

Turn back to the proof of proposition 13.11 Evidently, there exists a unique morphism 
of f/^g'^^^-modules p : V such that p{l) = 1. So, the existence of a morphism 

u : C[t/]g~^'^^'^^'' C follows from the isomorphism C[[/]g ^' ^' '^^ ~ V/Kenp and the 
following 

Lemma 3.5 Ker/i D Kery?. 

Proof. It suffices to prove ffistly, that the Uqt^^^-module V splits into a sum of 
finite dimensional simple ?7q6^^*-modules and, secondly, that Kery^ contains no non-zero 
f/gt^''*-invariant vectors. Consider the Hopf subalgebras t/gpf"* generated respectively by 
{Ej,Fj}j^2, E2, f/^r^*; {Ej,Fj}j^2, F2, f/^r^*. The first statement follows from the fact 
that the [/gr^*-module ?7,0"^V?7gr^* ~ (t/gp+ Vf/gt"^*) ® (f/gP^J^Vf/gt"^*) splits as a sum 
of simple finite dimensional Uqt^^^ -modules (to prove this, one can use suitable bases in 
UqQ"^^^, cf. [13] )• The second statement is due to the following 



^The reason is that the weU known q-analogues of standard generators of Z{Ug) belong to (7,0'"'* [5| 
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Lemma 3.6 

dimK^'S"" = 1.4 

Proof. Consider a UqQ'^^^ -module UqQ^^^ /Ugf^^^ . It suffices to prove that the canonical 
map 

ZW^') ^ {Uqf^'/Uqr^Y"'^'^' (3-5) 

is onto. 

Equip UqQ'^^^ with a ?7g6''^*-invariant ffitration via setting 

deg(E2) = deg(F2) = 1; deg(0 = 0, ^ e ?7,r^*. 

Evidently, the subspaces G UqQ'^^'^ /Uqf^^^l degC, < j} are finite dimensional. It suffices 
to prove that for all j the canonical map 

e Z(f/,0-*)| deg^ < j} ^{^e (f/,s^-Vf/,r-*)^«^"| dege < j} 

is onto. 

An application of the standard generators of Z{Uq) allows one to reduce easily the 
quantum case {q transcendental) to the classical one {q = 1). In the classical case the 
surjectivity of the map ()3.5|) is a well known fact (see ji| Th. 1.3.1]). □ 
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Notes of the Editor 

The methods of this work can be used to produce the principal unitary non-degenerate 
series, that is, to prove the unitarizability of the Harish- Chandra modules V^i' in the 
case ImV = -1/2, Iml" = -1. 

Here is an outline of the proof. Let us consider the pseudo-Hermitian space endowed 
with the metric — |t2p + |^3p + |^4p and the projective algebraic variety of uncomplete 
'Lagrange flags' 

Xo = {0 g Li g L2 C C^l L2 = Lj} C X. 

Let Xq C X be the real affine algebraic variety associated to Xq. Introduce a UqSU2^2- 
module algebra Pol(Xo)g, which is a q-analogue of the algebra of regular functions on 

In the category of non-involutive algebras Pol(Xo)g can be defined as a subalgebra of 
C[X]g generated by 

ki}khJ2,j3}, 1 < « < 4, 1 < ji < j2 < js < 4, 
^{n,i2}%ij2}, 1 < «i < «2 < 4, 1 < Ji < j2 < 4. 

It is easy to prove the existence and uniqueness of the involution * which equips Pol(Xo)5 
with a structure of ?7gSU2,2-niodule algebra and such that the elements 

(^{l,2}^{3,4})^?7^ j,kez+ 

appear to be selfadjoint.^ 

^The uniqueness follows from the selfadjointness of the monomials (t{i,2}i{3,4})'''7* and from the fact that 
Pol(Xo)q is a sum of simple C/qSU2,2-modules generated by the above monomials; Pol(Xo)i3 ~ ® L{k,2j,k). 

j,k=0 

Sketch the proof of the existence. Equip every subspace L{k, 2j, k) with an antilinear map * which satisfies all 
the necessary requirements, possibly except 

(/1/2)* =/27r, /i,/2 GL(fc,2i,fc). 

What remains is to extend it onto Pol(Xo)q by antilinearity and to prove the latter identity using the above claim 
of uniqueness. 
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The involution in Pol(Xo)g is canonically extendable onto the localization of this *- 
algebra with respect to the multiplicatively closed set (t{i,2}i{3,4})'^'7'^, j, k E Z^. 

Consider the Uqt-modu\e subalgebra of zero degree homogeneous elements. Its Ugt- 
isotypic components are finite dimensional and are smooth functions of g G (0, 1] (this 
could be well rephrased rigorously). In particular, the dimensions of f/gfi-isotypic compo- 
nents are independent of g G (0, 1]. Hence there exists a unique t/gt-invariant integral /i 
on this *-subalgebra with the property = 1. This integral is positive in the classical 
case q = 1, hence for all < g < 1 (otherwise for some f/gt-isotypic component and some 
< g < 1 the f/gt-invariant scalar product given by (/i,/2) = fJ'if 2/1) would appear to 
be non-negative but not strictly positive, hence degenerate). In view of proposition 13.11 
the scalar product 

(/l ■ (t{1.2}t{3.4})''V",/2 ■ (t{l,2}t{3,4})''V") =Kf;fl) 

is ?7qSU2,2-invariant in the case Im/' = —1/2, Iml" = — 1. 
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Abstract. A standard bicovariant differential calculus on the quantum matrix space 
Mat(m, 7i)g is considered. Our main result is in proving that the [/gs(g[„j x g[„)-module 
differential algebra il*{Ma,t{m,n))q is in fact a Uq5l{m + n)-niodule differential algebra. 

1. This work solves a problem whose simple special case occurs in a construction of 
a quantum unit ball of (in the spirit of [n^). Within the framework of that theory, 
the action of the subgroup SU{n, 1) C SL{n + 1) by automorphisms of the unit matrix 
ball is essential. The problem is that the Wess-Zumino differential calculus in quantum 

jTT] at a first glance seems to be only f/gS[„- invariant. In that particular case the lost 
[/qSln+i-symmetry can be easily detected. The main result of this work is in disclosing the 
hidden f/g5[„-symmetry for bicovariant differential calculus in the quantum matrix space 
Mat(m, n). (Note that for n = 1 we have the case of a ball). 

The authors are grateful to V. Akulov and G. Maltsiniotis for a helpful discussion of 
the results. 

2. We start with recalling the definition of the Hopf algebra UgSiN, N > 1, over the 
field C(g) of rational functions of an indeterminate g j^Ej. (We follow the notations of 



The algebra UgSl^ is defined by the generators {Ei, Fi, Ki, ^} and the relations 
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0)- 



For i,j e {1,...,A^- 1} let 




2, t-j = 

-1, K-J| = 1 
0, \t-j\>l. 
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KiK, = K,Ki, KiK-' = K-'Ki = 1 
KiEj = q^^^EjK^, K,F, = q-^'^F^K, 
E,F, - F,E, = 6i,{K,-Kr')/{q-q-^) 
E^Ej - {q + q-^)E,EjE, + EjE^ = 0, \i - j\ = 1 
F^F, - iq + q-')F,F,F, + FjF^ = 0, \z - j\ = 1 
[E,,Ej] = = 0, ^ 1. 

A comultiplication A, an antipode S and a counit e are defined by 

AE, = E^®1 + Ki0 E^, AFi = Fi® Kr^ + 1 Fi, 

AKi = Ki(g) Ki, SiE,) = -Kr^Ei, 
S{F,) = -F,K„ S{K,) = K-\ 
e{E,) = eiF,) = 0, = 1. 

3. Remind a description of a differential algebra n*(Mat(m, n))q on a quantum matrix 
space laiH]. 

Let G {1, 2, . . . , m + n}, and 



g \ i = j = i' = f 



1, i' = j and j' = i and i ^ j 
q^^ — q, i = i' and j = j' and i < j 
0, otherwise 



Q*{Ma.t{m,n))q is given by the generators {t"} and relations 

7,(5 c^d 



a',b',Y,S' 



/3 



a',b',Y,S' 

(a, b, c, d, a', h' G {1, . . . , n}; a, /3, 7, 5, 7', 5' G {1, . . . , m}). 

Let us define a grading by deg(t") = 0, deg((it") = 1. With that, C[Mat(m, ra)], = 
Jl''(Mat(m, n)))g will stand for a subalgebra of zero degree elements . 

4. Let A be a Hopf algebra and F an algebra with unit and an A-module the same 

time. F is said to be a A-module algebra PP if the multiplication m : F F Fisa 

morphism of A-modules, and 1 G -F is an invariant (that is 

a(/i/2) = E«;/i®«;72, «1 = £(a)lforallaG A; A, /s G F, with A(a) = 

j j 
An important example of an A-module algebra appears if one supplies A* with the 

structure of an A-module: {af,b) = {f,ba), a,b E A, / G A*. 
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5. Our immediate goal is to furnish C[Mat(m,n)]q with a structure of a UqSlm+n- 
module algebra via an embedding C[Mat(m, '-^ {UqSlm+n)* ■ 

Let {cjj} be a standard basis in Mat(m + n) and {fij} the dual basis in Mat(m + n)*. 
Consider a natural representation vr of UqSim+n'- 

■K{Ei) = di+i, 7i{Fi) = d+ii, 7c{Ki) = qcii + q'^Ci+ii+i + ^ Cjj. 

The matrix elements Uij = fijn G (UgSlm+n)* of the natural representation may be 
treated as "coordinates" on the quantum group SL^+n To construct "coordinate" 
functions on a big cell of the Grassmann manifold, we need the following elements of 
C [Mat (m,n)]g 

with 1 < ji < j2 < • • • < jm < + n, and l{w) = card{(a, b) \ a < b and w{a) > w{b)} 
being the "length" of a permutation w G S'm- 

Proposition 0.7 a;(l,2, . . . ,m) zs invertible in (UgSlm+n)* , cind the map 
1-^ a;(l, 2, . . . , m)~^x(l, . . . , m + 1 — a, . . . , m, m + a) 

can be extended up to an embedding 

I : C[Mat(m,n)], ^ (f/,s[ 

m+n ) ■ 

(The sign"" here indicates the item in a list that should be omitted). 

Proposition 10.71 allows one to equip C[Mat(m,n)]g with the structure of a UqSlm+n- 
module algebra : 

i^ta = ^ ^ f^gSL+„, a G {1, . . . , n}, a e {1, . . . , m}. 

6. The main result of our work is the following 

Theorem 0.8 Q*{Ma.t{m,n))q admits a unique structure of a UqSlm+n-i^odule algebra 
such that the embedding 

i: C[Mat(m,n)]q fi*(Mat(m,n))g 

and the differential 

d: n*{Mat{m,n))q n* {Mat {m,n))q 
are the morphisms of UqSlm+n-'modules. 

Remark 1. The bicovariance of the differential calculus on the quantum matrix 
space allows one to equip the algebra Q* (Mat {m,n))q with a structure of UqS{gl^ x 
module, which is compatible with multiplication in Q*{Mat{m,n))q and differential d. 
Theorem IU.8I implies that Q* (Mat {m,n))q possess an additional hidden symmetry since 

UqSlm+n ^ UqS(Ql^ X 0[„). 
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Remark 2 . Let Qq ^ C and go is not a root of unity. It follows from the explicit formu- 
lae for Emt^, Fmt^, K^H^, a E {!,..., n}, a G {!,..., m}, that the "specialization" 
f2*(Mat(m, is a f/goS[m+„-module algebra. 

7. Supply the algebra UqSlm+n with a grading as follows: 

deg(i^i) = deg(Ej) = deg(Fi) = 0, for i ^ m, 

deg{Kj = 0, deg(E„) = 1, deg(F„) = 0. 

The proofs of Proposition IU.7I and Theorem IU.8I reduce to the construction of graded 
UqSlm+n-^odules which are dual respectively to the modules of functions f2°(Mat(m, n))g 
and that of 1-forms f2^(Mat(m, The dual modules are defined by their generators 
and correlations. While proving the completeness of the correlation list we implement the 
"limit specialization" go = 1 (see O p. 416]). 

The passage from the order one differential calculus f2''(Mat(m, n))q —>■ Q^{Ma.t{m, n))q 
to f2*(Mat(m, n))q is done via a universal argument described in a paper by G. Maltsiniotis 
This argument doesn't break t/gStm+n-symmetry. 

8. Our approach to the construction of order one differential calculus is completely 
analogous to that of V. Drinfel'd |lj used initially to produce the algebra of functions on 
a quantum group by means of a universal enveloping algebra. 

9. The space of matrices is the simplest example of an irreducible prehomogeneous 
vector space of parabolic type [7j. Such space can be also associated to a pair constituted 
by a Dynkin diagram of a simple Lie algebra Q and a distinguished vertex of this diagram. 
Our method can work as an efficient tool for producing f/g^-invariant differential calculi 
on the above prehomogeneous vector spaces. 

Note that f/g^-module algebras of polynomials on quantum prehomogeneous spaces of 
parabolic type were considered in a recent work of M. S. Kebe jH]. 
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q- ANALOGS OF CERTAIN PREHOMOGENEOUS 
VECTOR SPACES: COMPARISON OF SEVERAL 

APPROACHES 

D. Shklyarov 



1 Introduction: prehomogeneous vector spaces of commutative parabolic type 

Let g be a complex simple Lie algebra, i) its Cartan subalgebra, {ai}^^—i ^^e simple roots 
with respect to f). Let us associate to each ao G {ai}-^Yl ^^e element Hq E i) such that 



ai{Ho) 



2, ai = ao, 
0, otherwise. 



Such Hq can be used to equip q with a Z-grading as follows 

= 00., 0/={ee0| [Ho,^] = 2t^}. 

If Qi is nonzero only for i G {—1, 0, 1} then the subspace 0_i is said to be a prehomogeneous 
vector space of commutative parabolic type (see ^5]). 

Remark 1. Let us explain the adjective "prehomogeneous". Let K C Autg be the 
subgroup of those automorphisms which preserve the decomposition 



= 0-100O00H 



Then go = Lief^. The group K acts in 0_i in such way that there exists a Zariski open 
i^-orbit. A pair {G, V) {G is an algebraic group acting in the vector space V) which 
possesses this property is called a prehomogeneous vector space. 

Since K acts in q_i and Qq = Lie K, one may consider the corresponding representation 
of Uqq in the space C[0_i] of holomorphic polynomials on 0_i. 

Remark 2. The Killing form of g makes the vector spaces 0_i and g+i dual to each 
other. This allows one to identify the algebras C[g_i] and S(g+i) (the symmetric algebra 
over The latter algebra is isomorphic to f/g+i for g+i is an Abelian Lie subalgebra 

in g. The action of Ugo in C[g_i] we deal with corresponds (under the isomorphism 
C[g_i] ~ f^g+i) to the adjoint action of Uqo in f/g+i. 

There exist several approaches to constructing a g-analog of the algebra C[g_i]. In the 
present paper we concern with those developed in 0, 0; IH]- Within framework of each 

This research was supported in part by Award No UMl-2091 of the US Civilian Research & Development 
Foundation 

This lecture has been delivered at the seminar 'Quantum groups', Kharkov, April 2000; published in Matem- 
aticheskaya Fizika. Analiz. Geometriya, 8 (2001), No 3, 325 - 345. 
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approach a (noncommutative) analog of C[g_i] is endowed with an action of the quantum 
universal enveloping algebra f/^go- We prove that g-analogs of C[0_i] constructed in P], 
are isomorphic as t/^go-module algebras. 

For the sake of simplicity we carry out this program for g = s[4(C), = ol^ (in 
this case 0_i is the space of 2 x 2 complex matrices, K = S{GL2{C) x GL2{C))). But 
we present such proofs that are transferable to the case of an arbitrary prehomogeneous 
vector space of commutative parabolic type. 

The author thanks L. Vaksman for stating the problem and discussing the results. 

2 Notation and auxiliary facts 

Let g = sl^lC). For convenience, we identify g with the Lie algebra of 4 x 4 complex 
matrices with zero trace. Let f) C g be the Cartan subalgebra of diagonal matrices. 
Denote by A and W the root system of g with respect to f) and the Weyl group of this 
system, respectively. Let also ai, a2, be the simple roots in A given by 

ai{H) = ai - Oi+i 

with H = diag(ai, 02, 03, 04) G f). 

There exists an isomorphism of the group W onto the group S4 such that the simple 
reflections s^i, s^a, correspond to the transpositions (1,2), (2,3), (3,4). Let A+ C A 
be the system of positive roots: 

A+ = {«!, a2, «3, Oil + «2, ^2 + «3, «1 + ^2 + "3}- 

Denote by (-I-) the W-invariant scalar product in f)* such that (aj|ai) = 2. 

The root 0:2 plays the role of the 'distinguished' root ao (see Introduction). The 
associated element Hq & I) is given by Hq = diag(l, 1, —1, —1), or 

Ho = H1 + 2H2 + HS (2.1) 

with Hi = diag(l, -1, 0, 0), H2 = diag(0, 1, -1, 0), //g = diag(0, 0, 1,-1). 
Let Ac *= {«!, ^3, — «!, —a^} C A, An =^ A \ Ac. Then 

0+1 = © 0"' 0-1 = © 0"' 

aGA+nAn -oeA+nAn 

with ga being the root subspace in g corresponding to « G A. 

Let Wc be the subgroup in W generated by s^j, 5^3. Thus, Wc ~ S2 x S2 is the Weyl 
group of the Lie subalgebra s[2 © s[2 G g. 

In the rest of this paper the ground field will be the field of rational functions C{q^^^). 

Let us recall one some definitions and facts of the quantum group theory (we follow 

ED- 

The quantum universal enveloping algebra f/^g is the algebra with the generators 
{Ei, Fi, Kf^}i^i^ satisfying the following relations 

KiK, = KjK,, KiK-' = K-'Ki = 1, 
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EiFj — FjEi 



S 



K,F, = q-'^^^F^K, 



l-a,; 



s=0 
l-a 



s=0 



1 — a,- 



■ a,- 



-I 9 



^1 a^j- 



-^3-^1 



« 7^ J, 
^ 7^ J, 



where (ajj) is the Cartan matrix for q: 




otherwise 



def 



\n 



In 



dcf 



[1] 



9' 



def q - q~ 



The algebra UqQ is endowed with a structure of a Hopf algebra as follows 

A{E,)=E,0 1 + K,0E„ A{Fi) = F, Kr^ + 1 F„ A{Ki) = Ki0Ki, 

S{E,) = -Kr^E,, S{F,) = -F,K,, S{K,) = Kr\ 

e{E,) = = 0, e{K,) = 1, 

with A, 5, e being the comultiplication, the antipode, and the counit, respectively. 

Let us use the short notation ®X{2) for the element A(x) G UqQ^ UqQ (x G UqQ). 
For example, coassociativity of the comultiplication A : UqQ — > UqQ UqQ looks in this 
notation as follows 



® X(2)(l) ® X(2)(2) = (g) X(i)(2) O X(2). 



(2.2) 



Sometimes we use the notation ® X{2) ® X(3) for the right (and left) hand side of (j2.2p . 
Then the obvious meaning has the notation ® X{2) ® X(3) ® a;(4) etc. 
The adjoint representation of the algebra UqQ is defined as follows 



adx(|/) =^ ■ ?/ ■ S{xi2)) 

with x,y E UqQ. This adjoint action makes ?7g0 a t/gfl-module algebra. It means that the 
product map UqQ UqQ UqQ is a morphism of t/gfl-modules and the unit 1 G t/q0 is 
?7gg- invariant. 

We fix the following notation for some subalgebras in UqQ: 



U^'={E,,Kr 



±ll 



Uf = {F,.Kt' 



u; = (F.I 



I = 



1,3), UqQo = {Kf\E,,F,\ 



1,3), 
M), 

= T;3, J ^2). 
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Let us recall a definition of the Lusztig automorphisms Tj, i = 1, 3, of the algebra UgQ. 
The action of Tj on the subalgebra f/^° is given by 

T,{K,) = Kj ■ K-'''\ Ti{Ei) = -F,Ki, 

T,(E,) = (-adE,)--(E,), z^j. 
To define Tj completely one sets 

Ti o k = k o Ti, 

where k is the conjugate linear antiautomorphism of the C(g^/^)-algebra UgQ given by 
kiE,) = F„ k{Fi) = E„ k{K,) = K7\ k{q^'^) = q-'/\ 

Let w eW and w = SjjSjj ... Sj^. be a reduced expression (we write 'sj' instead of Sq-). 

It is well known that the automorphism =^ Ti^Ti^ • • • does not depend on particular 
choice of a reduced expression of w. 

All [/^g-modules we consider possess the property 

with /i = (yUi, /i2, /is). This allows one to introduce endomorphisms Hi, z = 1,3, of any 
?7gg- module V by 

HiV = fiiV 4^ veV^, /i = (/il,/X2,/i3)• 
Formally this can be written as Ki = 

Let Kq =^ Ki ■ ■ (i.e. Kq = q^° with Hq given by (j2.H) ). It is an important 
consequence of definitions that Kq belongs to the centre of the algebra UqQo: 

adKoiO = e e UgBo. (2.3) 

Let us recall one some facts concerning the universal i?-matrix for UgQ (in context of 
the present paper the universal i?-matrix have to be understood just as in j|4j). 

R satisfies some well known identities. We don't adduce a full list of these identities 
but recall one those important for us: 

id® A°P(i?) =i?i2.^i3^ (2.4) 



A°^{r])-R = R-A{r]), r,eUgQ, (2.5) 

with A°P(x) = X(2) R^^ = Y.iai®h®l, R'^ = ^,ai®l®bi. 

Remind an explicit formula for the i?-matrix (the so-called multiplicative formula). 
Let ifo G W be the maximal length element. Identifying W with S4 we get 



Wo 



12 3 4 
4 3 2 1 



The length of any reduced expression of wq is equal to 6. To a reduced expression 
wq = Si^Si^ ■ ■ ■ one attaches the following data: 
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i) the total order on the set A_|_ of positive roots: 

ii) the set of elements Ep^.E^^^ . . . Ep^ E U^, Fp^^Fp^, . . . Fp^ E which are g-analogs 
of root vectors in g: 

-E/3i = Ei^, Ep^ = Ti^i^Ei^), . . . Ei3^ = Ti^Ti^ . . . Ti,^{Eig), 

Ff3i = Fi^, Fp^ = Ti^{Fi^), ... F/3g = Ti^Ti^ . . . Ti^{Fi^); 

iii) the multiplicative formula for the i?-matrix: 
R = 

expg2 ( (g^^ - ® F^J ■ . . . ■ exp^a ( (g^^ - q)Ep^ ®Fp^)- exp^a {{q~^ - q)Ep^ ®Ffs,)-q' (2.6) 
with t =^ — Ylij^ijF^i ® Flj, the matrix (qj) being the inverse to the Cartan matrix, and 

3 Three approaches to quantization of prehomogeneous vector spaces of commu- 
tative parabolic type 

3.1 First approach 

In this subsection we describe an approach to constructing g- analogs of prehomogeneous 
vector spaces of commutative parabolic type developed in p. 

Let us consider the generalized Verma module V^(0) over UqQ given by its generator 
f (0) and the relations 

Eiv[Q) = Q, K,v{Q) = v{Q), i = T;3, (3.1) 

Fivi^S) = 0, 1^2. (3.2) 
y(0) sphts into direct sum of its finite dimensional subspaces 1^(0)^, —k E Z+, with 

V{Q)k = {vEV{Q)\ Hov = 2kv}. 
Consider the graded dual t/qfl-module: 

C[0-i]/= (v^(o),)*. 

-k£Z+ 

Let us equip the tensor product V^(0) V(0) with a UqQ-modu\e structure as follows 

^iVi(g)V2)=^i2){Vi)®^^l^iv2), ^Gf/gfl, Vi,V2EV{0). (3.3) 

Due to (jSHD, (Q the maps 

v{0) ^v{O)0v{O), v{0)^l (3.4) 
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are extendable up to morphisms of f/g0-modules 

A_ : V{0) ^ ViO) (g) V{0), e : V{0) ^ C(gi/^). 

It can be shown that A_ and £_ make V{0) a coassociative coalgebra with a counit. Thus, 
the dual maps 

m = (A_)* : C[0_i], (g) C[0_i], ^ C[0_i]„ 1 = : C(g^/^) ^ C[0_i], (3.5) 

make C[0_i]g an associative unital algebra. Moreover, the product map m is a morphism 
of [/g0-modules and the unit 1 is ?7q0-invariant, i.e. C[0_i]g is a UqQ-module algebra. In 
particular, it is a t/q0o-module algebra. This [/g0o-module structure is just the one we 
mentioned in the Introduction. 

3.2 Second approach 

Now we are going to describe briefly an approach of H. P. Jakobsen [2J to quantization of 
C[0-i]. 

It follows from the definition of ^7^0 that 

adK2(^2) = q^E2, adKi{E2) = B^dK^iE^) = g^^^a, 

adFi(E2) = adF3(E2) = 0, 
(adEi)2(E2) = (ad£;3)'(^2) = 0. 

Thus ad?7g0o(-E'2) is a finite dimensional [/g0o-submodule in UgQ. Let us denote by C[0_i]g 
the minimal subalgebra in UgQ which contains the subspace ad[/g0o(-E'2)- Evidently, it is 
a f/g0o-niodule subalgebra in UgQ. The algebra C[0_i]g can be treated as a g-analog of 
C[0_i] (see Remark 2 above). 

3.3 Third approach 

Let us turn to description of an approach of A. Kamita, Y. Morita, and T. Tanisaki 131. 
Note that notation in ^ differs from ours. 

Let Wq G Wc be the maximal length element. Evidently, Wq = (1,2) ■ (3,4). Consider 
the subspace C[0_i]q^ in UgQ defined by 

q0-i]? = f/,+ nT^-,^(f/+). (3.6) 

Obviously the subspace C[0_i]g^ is a subalgebra in UgQ. It is shown in P] that C[0_i]g^ 
is a f/g0o-module subalgebra in UgQ with respect to the adjoint action. It is one more 
g-analog of the algebra C[0_i]. 

4 Comparison of the approaches 

Note that both the algebras C[0_i]g and C[0_i]g^ lie within the quantum universal en- 
veloping algebra UgQ. Our aim is: 

i) to construct an embedding T of the algebra C[0_i]g into UgQ which intertwines the 
t/q0o-action in C[0_i]g mentioned in subsection 3.1 and the adjoint f/g0o-action; 

ii) to show that the subalgebras T(C[0_i]g), C[0_i]q, and C[0_i]^^ in UgQ coincide. 
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4.1 C[0_i],:^C[b_i]I 



In this subsection we construct an f/gflo-invariant embedding T of the algebra C[0_i]g into 
UqQ, and then we show that T(C[g_i]g) = C[g_i]g. The embedding T is constructed via 
a standard technique due to [T]. 

Let R = (g) bi be the universal i?- matrix for UqQ. Consider the linear map 



with / G C[0_i]g, f (0) being the generator of the generalized Verma module ^(0), (■, ■) 
being the pairing V{0) x C[0_i]q C(g^/^) arising from the equality C[0_i]g = (1^(0))* 
(see subsection 3.1). 

Let us comment the definition of T. Using the multiplicative formula ()2.6|) and the 
definition of the t/gfl-module ^(0) one shows that ^jCtj ® &jf(0) is a formal series of 
elements from ^V{0). We will prove later (see proof of Proposition 14. 5|) that the 
right hand side of (|4.ip is a finite sum for any / G C[0_i]g. 



Proposition 4.1 T is a homomorphism of algebras. 



Proof. Let /, G Then due to dSS}, (El, O 

i i 

= J2 a,{A.{hv{0)), / ® y,) = 5^ a,(A°P(6,)(t;(0) ® t;(0)), / ® ^). 



T : C[0_i]5 UgQ given by 




(4.1) 



By dUD 



J]a,(A°P(6,)(t^(0) ® i;(0)), / ® ^) = J]ai ■ aj(6i ® 6,(t;(0) ® v{0)), f ® ^) 




□ 
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Proposition 4.2 T is a morphism of UgQQ-modules. 

Proof. Denote by Uqg®V{0) the vector space of formal series of the form 

UgQ (g) V{0). 

i 

Equip this vector space with a [/gfl-module structure as follows 

Lemma 4.3 The linear map 

V{0) ^ UgQ§)V{0), v^'^ai^biV, 

i 

is a morphism of UgQ-modules (here Yli^i ® ^■^ universal R-matrix). 

Proof of the lemma. The map is well defined (it can be explained using the definition 
()3.1|) . ()3.2p of the f/gg-module V^(0) and the multiplicative formula ()2.6|) for the universal 
i?-matrix). Let i G t/^g, v G 1/(0). Then 

i\y^ai®hiv \ = ^^(3)ai5"^(^(i)) ® -^(2)^ = X^^(^(3)(2))^(3)(i)ai5"^(^(i)) ®^(2)6i?; = 

\ i / i i 

= X]^(3)(l)ai^"^(^(l)) ®^(2)&ie(^(3){2))^^ = ^^{2)i2)aiS'\^(l)) ^ ^(2)il)bie{^(3))v. 
i i 

Let us make use of the property (j2.5p . We get 

^ ai ® kv^ = ^ ^(2){2)ai^"^(^(i)) ® ^(2)(i)&i£(^(3 

= X1"*^(2){1)'^"^(^(1)) ® bi^(2)(2)e{^(3))v = J]ai^(l)(2)5"^(^(l){l)) ® &i^(2)(l)£(^(S 
i i 

= ^ ai£:(^(i)) (g) bi^^2)V = ^ai® fei£(^(i))^(2)f = ^ ® 

i i i 

□ 

Lemma 4.4 y4n element rj ®v E UqQ®V{fd) is UqQo-invariant iff for any ^ G UqQo 

^ii)VSi^i2))®v = rj0SiOv. (4.2) 

Proof of the lemma. Let r]®v E UqQ®V{Q) satisfies (j4.2p for any ^ G f/gflo- Rewrite 
(jOl) for e := S'\C): 

S-\Ci2))vC{i)®v = r](g)Cv. (4.3) 

Using ()4.3|) one gets 

^(?7 ® t;) = ^{3)VS'\^(l)) ® ^(2)^^ = ^(3)5"^(^(2)(2))r?^(2)(l)5"^(^(l)) ®V = 

= ^(2)(2)^"^(^(2){1))^?C(1)(2)5"^(C(1)(1)) ® f = ^(^(2))^?^(^(1)) ® f = ^(0^ ® ^• 



(3)J^ = 

"(2){2))^^ 
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Thus r] ® V is f/g0o-invariant. 

Conversely, suppose that r] ^ v is t/gSo-invariant. Let us prove (j4.3p (obviously, it is 
equivalent to (j4.2|) ). 

S'^{^(2))v^{i) ®v = S"^(^(2))r/£(^(i)(2))^(i)(i) ®v = S~^{^(3))rie{^(2))^(i) ® v. 
[/qflo-invariance of t] ^ v implies 

Thus 

S'\^{2))V^{1) ®V = 5"^(^(3))^(2)(3)^?5"^(^(2)(1))^(1) ® ^(2)(2)^^ = 

'5"^(^(3)(2))^(3){1)^?'5"^(^(1)(2))^(1)(1) ® ^(2)^^ = e(^(3))??£(^(l)) ® ^(2)t^ = V®^V. 

□ 

Let us complete the proof of Proposition I4.21 By ()3.ip . ()3.2|) t;(0) is ?7g0o-invariant. 
Due to Lemma lOl the element biv{0) G t/qg(8>V(0) is f/q0o-invariant. By ()4.2p we 

have: for / G C[g_i]g, ^ G f/ggo 

= 5Za,(M(0),e/) = ^a,(5(OM(0),/) = 

i i 

= 5^e(i)a.^(e(2))(M(0),/) = ade(T(/)). 

i 

□ 

We have constructed the mapping T : C[g_i]q UgQ which is a morphism of UgQo- 
module algebras. It turns out to be an embedding. 

Proposition 4.5 T is injective. 

Proof. Let iuq G W be the maximal length element. We fix a reduced expression for 

Wo = (1,2)(3,4)(2,3)(1,2)(3,4)(2,3) = s,SsS2S,SsS2. (4.4) 

Obviously wq = WQS2S1S3S2 with w'q being the maximal length element in Wc. Describe 
explicitly the order in A_|_ attached to the expression ()4.4p (see section 2): 

Pl = ai, (32 = ^3, /^S = "1 + "2 + "3, 

P4 = Oi2 + a3, /^S = «1 + «2, = «2- 

Thus Ps, P4, P^, Pq are 'noncompact' roots (they belong to An), and Pi, P2 are 'compact' 
roots (they belong to Ac). This implies E^^, Fp^, E^^, Fp^ G U^Qq. Indeed, let us show 
this, for example, for Ep^. Consider the Z+-grading in given by 

^^g^^ = { J ; otherwise " ^^'^^ 
This grading can be described in another way: 

(f/;)^. = {^Gf/+| adiro(0 = ?'^0- (4.6) 
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Using (|4.5p one shows that 

(f/+)^ = f/+nt/,0o. (4.7) 
It follows from the definition of Ej^^ and Kq that 

adiro(i?ft)=g'^^(^«)i?ft =E;3,. 

Thus, according to and (jiTj) E^^ ^ ^gflo- 
It follows from the relations ()3.H) and ()3.2|) that 

^ (g) biv{0) = ^Aj0 Bjv{0), 

i j 

where ^ • ® 6j is the universal i?-matrix, 

xexp^2((g-^ - q)Ef3, ® F^J " exp,2((g-^ - q)Ep.^ ® ^^3). (4.8) 

It is clear that 

j2a,®b,= «'^l-■••-^44^••4:®^/^^••^'3^ (4-9) 

j (ki,...M)&X 

where all afcj,,,.,fc4 are nonzero elements of C(g^/'^). Thus we get the formula 

T{f ) = Yl ^^^,-mEII ■ ■ ■ E'g{F'^l . . . F^XO), /). (4.10) 
(fci,..,fc4)ez* 

To complete the proof of Proposition 14.51 it is sufficient to prove that the vectors 
are linearly independent, and the vectors 

constitute a basis in 1^(0) (the latter statement implies also the well definiteness of T!). 
For this purpose we need the following Theorem |31 page 14]: 

Theorem 4.6 i) The monomials 

J -pk-i pke T^mi T^m2 T^m^ rph rph rple 1 „ „ „ 

L-^ft-^/^s ■ ■ ■ -^ft-'^l ^3 -f^/3i-^/32 • • • -^ftJ (fel.---,fc6)eZ6 ,(mi,m2,m3)GZ3,{«i,...,«6)GZ^ 

constitute a basis in UqQ; 
a) for i < j one has: 

Ep^Ep^ - q^'^\'^^Ep^E,^ = Y ^'^..■■M.E'p\E% . . . 

(fci,...,fc6)ez6_ 

where aki,...,ka 7^ only when kg = for s < i or s > j . 
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It is not hard to prove that this Theorem imphes hnear independence of the vec- 
tors {E'^pI . . . E^^l}^k^,...M)ez\- Let us prove that the vectors {F^'^ . . . F^^v{0)}^k,,...M)&zX 
constitute a basis in V^(0). 

Obviously, V^(0) is the hnear span of {F^^ . . ■ fI^*v{0)}(^i:^ j.^^^x'^. Indeed, this follows 
from statement i) of the Theorem, from the observations that the map UqQ — > V{0), 
i 1-^ ^"^^(0) is surjective, and from the relations 

EfsMO) = 0, z = M, 

KiviO) = v{0), I = M, 

Fp,v{Q) = Fp,v{0) = 0. 

What remains is to prove that {F^^ . . . F^^v{0)}(^i.^ j^^)^^i^ are linearly independent. We 
prove this statement using its correctness for q = 1. 

Let A be the ring C[g, q~^]. Consider the A-algebra f/~^ generated by {F/^}j^^j^ which 
satisfy the same relations as {Fi}^^Y3- Evidently, as C(g^/'^)-algebras 

t^,-^C(gV4)(g)f/^^. (4.11) 

A 

Let {F^}i^i^ be the elements of derived from {-Fft}j=i;6 substitution Fi <-> F/^. 
Consider the [/"^-module ^(0)^ given by the generator v{0)^ and the relations 

fMo)"" = 0, z ^ 2. 

Similarly to 

y(0)^C(gV4)(g)y(o)^ (4.12) 

A 

as C(g^/^)-modules. 

There is an evident homomorphism of C-algebras 

J--U,,A^U;J{q-l)-U^^^^U~, 

where U~ is the subalgebra in the classical universal enveloping algebra Uq generated by 
{J(i^^)}i=Y3. Denote by 1/(0) a f/^-module given by the generator v{0) and the relations 

JiF,^)m = 0, 2^2. 

It is clear that the map v{0)^ ^ f (0) can be extended up to a C-linear map 

Jo : ^(0)^ ^ no) 

such that for any ^ G U^^ 

-mm = Jomo)^)- (4.13) 

It is well known that the vectors {J{F^J''^ . . . J{F^^)''^v{0)} (^^^ j^^^fz^'i^ constitute a basis 

in the C-module V{0). Thus by the vectors {{F^J^' . . . {F^J''''v{^)^}{ku...M)&X 

linearly independent. Due to ()4.12|) {F^^ . . . -^/33''J^(0)}(fcj_...^fc^)gz4 are linearly independent. 
We have completed the proof of Proposition 14.51 □ 

The following statement is a direct consequence of Propositions 14.11 14.51 and formula 

dnni). 
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Corollary 4.7 Linear span of {-E^g • • • E^pl) {ki,...M)^'^\ ^■^ ^ adUqQo-invariant subalgebra 
in f/+. It coincides with T(C[0_i]q). 

Remark 3. The fact that linear span of {E'^^ . . ■ E^p^} [kx,...M)&X ^ subalgebra in 
easily follows from the statement ii) of the Theorem 14.61 
The main statement of this section is 
Proposition 4.8 

T(C[0_i],) = C[0_i];. 

Proof. Let us start with 
Lemma 4.9 For some c G C{q^^'^) 

Ep,=c- E2. 

Proof of the Lemma. The elements ii^^g, E2 of the [/^-module are weight 
vectors of the weight 02 ^ f)*- But the subspace in [/+ of weight vectors of that weight is 
1- dimensional (this follows from linear independence of the weights ai, 0:2, 0^3 G i)* of the 
generators Ei, E2, E^,). □ 

Remind that we have equipped with a Z_|_-grading (see (j4.6p ). Obviously, 

deg{Ep^) = deg(E^J = deg{Ef,,) = deg(E^J = 1. 

It follows from ()2.3|) . ()4.6|) that endomorphisms from adt/gflo preserve this grading: for 
^ e UqQo and 77 G f/+ 

deg(ad{(?7)) = deg(?7) 
provided a.d^{ri) G U^. Using this observation and Corollarv 14. 71 we get 

adUqgo{Ep^) C linear spaii{Ep^, Ep^, Ep,^, Ep^}. (4.14) 

Actually the spaces in the both sides of ()4.14p coincide: dimension of adt/g0o(-E/3g) should 
be equal to 4 just as in the classical case q = I- Thus, by Lemma lOl and by the definition 
of the algebra C[0_i]g 

C[S-i]^ = {Ep^,Ep^,Ep^,Ep^). 
What remains is to use Corollarv 14.71 □ 

4.2 C[b_i]I = C[b_i]II 

In this subsection we use notation of the previous one. 
Proposition 4.10 

Proof. By Corollarv 14 . 71 and Proposition l4.8l the linear span of {E^^ . . . -E'^3}{fci,...,A:4)ez4 
coincides with C[0_i]g. Thus, due to the definition ()3.6|) of C[g_i]g^ it is sufficient to prove 
that 

T^''iE,JeU^, k = 3;6. 
Let us prove this, for example, for i^/jg. By definition 

Ef3, = TiT3T2T{T3{E2) = r^^T2TiT3(^2). 
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One gets 

T-,^{E^,) = T,nn{E,). 
It remains to make use of the following well known fact. 

Lemma 4.11 If w{ai) E A+ for some i = 1,3 and w eW then Tu,{Ei) G f/+. 

□ 

Now we are ready to prove 
Proposition 4.12 

C[0-i]; = C[0_i]J. 

Proof. Let E ^^i.-.^e^a • • • 4i e C[0_i]ii, i.e. 

(E • • • 40 = E {Ell ■ ■ ■ {E',l ■ Ell) e f/+. 

(4.15) 

By Proposition I4.1UI 

T-'^{4l---Ht)^U^- (4-16) 

Lemma 4.13 T^^ (Ef,,) e f/f , T'} {E^J G f/f . 

Proof of the Lemma. Suppose that f3k is a 'compact' root {(3k = Pi or /3k = (32)- 
Let SiiSjj . . . Sij^j be a reduced expression of w'q (of course, in the case we consider M = 2 
and there are only two different reduced expression for w'q). One has 

Pk = Sii-Sja • • • Sjj^_^(Q;fc), Ei3^ = Ti^Ti^ . . . Ti^_^{Ek). 
Since Tyj>^ = Ti^Ti^ . . . Ti^^j we get 

T^li^Pu) = Ti^jTrJ^^ . . . Tr^\Ek). 

So we have to prove that 

Ti^Tr^^.---T^iEk)eUf^. (4.17) 
Consider the antiautomorphism r of the algebra UqQ given by 
T{Ki) = Kr\ t{E,) = E,, t{F,) = F,. 
It is not hard to prove that 

T oTi = Tj^^ O T. 

Thus the inclusion 

T,,,T,,,_,...T,,{Ek)eU}'. (4.18) 
is equivalent to (jUTTj). One has Ti^^^Ek) = —FkKk- Therefore ()4.18p is equivalent to 

and thus to 

T,,,T,,^_,...T,,_^,{Fk)eU-. (4.19) 
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Applying the antiautomorphism k (see section 2) to both hand sides of (|4.19|) we get the 
equivalent inclusion 

T.„T,,,_,...T,,^^(E,)Gf/+ (4.20) 
But (I4.2(jj) is a direct consequence of Lemma 14.111 □ 
The following result is well known. 

Lemma 4.14 The multiplication in UqQ induces the isomorphism of vector spaces 

K (8) f^f ^ ^.fl- 
it follows from KT^ and Lemmas HUnHHH that (H?THll holds iff 0^1,...,^^ = for fcg 7^ 
or /ce 7^ 0. We have completed the proof of Proposition 14.121 □ 

Comparing results of the two previous sections we get: 
the algebras C[0_i]q, C[0_i]g, and C[g_i]" are isomorphic to each other as UgQo-module 
algebras. 
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HIDDEN SYMMETRY OF SOME ALGEBRAS OF 
q-DIFFERENTIAL OPERATORS 

D. Shklyarov, S. Sinel'shchikov* L. Vaksman ^ 
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47 Lenin Avenue, 61103 Kharkov, Ukraine 

1 Introduction 

Let us explain the meaning of the words " q-differential operators" and "hidden symme- 
try". Let C[z]q be the algebra of polynomials in z over the field of rational functions 
C(g^/^) (we assume this field to be the ground field throughout the paper). We denote 
by A^(C)q the C[2;]g-bimodule with the generator dz such that 

z-dz^q-'dz-z. 

Let d be the linear map C[z]q — >• A^(C)q given by the two conditions: 

d : z ^ dz, 

d{h{z)Mz)) = d{Mz))Mz)+h{z)d{Uz)). 

(The later condition is just the Leibniz rule). The bimodule A^(C)q (together with the map 
d) is a well known first order differential calculus over the algebra C[z]q. The differential 

d allows one to introduce an operator of "partial derivative" — in C[z]q: 

dz 

df — dz • 

dz 

Let us introduce also the notation z for the operator in C[z]g of multiplication by z: 

z: f{z) ^ zf{z). 

Let -D(C)g be the subalgebra in the algebra Endc(qi/2-^{C[z]q) (of all endomorphisms of the 
linear space Cfz]^) containing 1 and generated by It is easy to check that 

d ^ d 
— ■z^q Z-— + 1. 

dz dz 

Thus the algebra D{C)q is an analogue of the Weyl algebra Ai{C). 
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Let A e C{q'^/^). One checks that the map 

^ , ^ d .-id 
z t-^ A ■ z, — ^ A ■ — 

dz dz 

is extendable up to an automorphism of the algebra D{C)q. Such automorphisms are 
"evident" symmetries of D{C)q. It turn out that they belong to a wider set of symmetries 
of D{C)q. This set does not consists of automorphisms only. Let us turn to precise 
formulations. 

To start with, we recall the definition of the quantum universal enveloping algebra 

Uq5l2 [IJ. It is 

i) the algebra given by the generators E, F, K, K^^, and the relations 
KK-^ = K-^K =1, KE = q'^EK, KF = q'^FK, 



EF-FE 



q-q-^ 



ii) the Hopf algebra: the comultiplication A, the antipode S, and the counit e are 
determined by 

A{E)=E^l + K(g)E, A(F) = i^-^ + 1 ® F, A{K) = K (g) K, 

S{E) = -K-^E, S{F) = -FK, S{K) = K-\ 

e{E)=e{F) = 0, e{K) = 1. 

There is a well known structure of f/^s [2- module in the space C[z]q. Let us describe it 
explicitly: 

E : /(.) ^ V^V ^W-y-'' . 

z — q'^z 

F : /(.) - ,'/. /(^)-/(f'-) , 

z — q^'^z 

K^' : f{z) ^ f{q^'z). 
It can be checked that 'C[z\q is a t/^s [2-1110 dule algebra, i.e. for any ^ G UqS\.2) fi, f2 ^ 

e(i)=^(0-i, (1-1) 



e(/i/2) = E^^(/i)e;(/2), (1.2) 

with A(0 = Ee-®e-'- 

j 

Remark. This observation is an analogue of the following one. The group SL2{C) acts 
on CP^ via the fractional-linear transformations. Thus the universal enveloping algebra 
Usl2 acts via differential operators in the space of holomorphic functions on the open cell 
C c CP^ 

Let be a f/gS[2-module. Then the algebra End(V^) admits a "canonical" structure of 
UqSi2-modu\e: for ^ G t/gSta, T G End{V) 



(1.3) 
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where A(^) = ^ ^'U ^ antipode, and the elements in the right-hand side are 



multiphed within the algebra End(V). It is well known that this action of f/qSl2 in End(y) 
makes End(V^) into a t/^sls-module algebra (i.e. for ^ G UqSl2, Ti, Ta G End(V) (HH), (fT^ 
hold with /i, /2 being replaced by Ti, T2, respectively). 

The objects considered above are the simplest among ones we deal with in the present 
paper. In this simplest case our main result can be formulated as follows: the algebra 
D{C)q is a f/gS[2-module subalgebra in the UqSl2-m.odu\e algebra Eiadi[^^gi/2^{C[z]q) (where 
the f/gS[2-action is given by ()1.3|) ). This f/qS[2-module structure in the algebra D{C)q is 
what we call "hidden symmetry" of D{C)q. 

Remark. In the setting of the previous Remark the analogous fact is evident: for 
^ G sl2 the action (jl.3|) is just the commutator of the differential operators and T in the 
space of holomorphic functions on C. The commutator is again a differential operator. 

We can describe the [/qS[2-action in D{C)q explicitly: 



(The action of UqSl2 on an arbitrary element oi D[C)q can be produced via the rule ()1.2|) .) 
The paper is organized as follows. 

In Section 2 we recall one definitions of the quantum universal enveloping algebra 
UqSlN, a UqSlj\f-modvL\e algebra of holomorphic polynomials on a quantum space of m x n 
matrices (A^ = m + n), and a well known first order differential calculus over this algebra 
(in this Introduction the case m = n = 1 was considered). Then we introduce an algebra 
of q-differential operators and formulate a main theorem concerning a hidden symmetry 
of this algebra. 

Section 3 contains a sketch of the proof of the main theorem. 

In Section 4 we discuss briefly q-analogues of the notions of a holomorphic vector 
bundle and a differential operator in sections of holomorphic vector bundles. We formulate 
an analogue of our main theorem for such differential operators. 

Section 'Concluding notes' discusses one of possible generalizations of our results, 
specifically, the case when the matrix space is replaced by an arbitrary prehomogeneous 
vector space of commutative parabolic type [7j. 

Appendix deals with q-analogues of constant coefficient differential operators in func- 
tions and in sections of holomorphic vector bundles. 

We take this opportunity to thank Prof. H. P. Jakobsen and Prof. T. Tanisaki 
who attracted our attention to other approaches to the notion of quantum differential 
operators. 

This research was partially supported by Award No.UMl-2091 of the U.S. Civilian 
Research and Development Foundation. 

2 The main theorem 

Throughout the paper (except for the section 'Concluding notes') we suppose that g = sIn, 
t = s{gln X gl^), N = n + m, and p~ is the space of complex m x n matrices. 



3 
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The algebra C[p ]q is the unital algebra given by its generators z^, a — l,...n, 
a — 1, . . . m, and the following relations 

{qz^z" , a = h a < (3 or a < h h a = (5 

z^z: , a<hka>(5 , (2.1) 

z^z^ + {q-q-')z^z^ , a<hka<(3 

Let {dij) be the Cartan matrix for g. The Hopf algebra UqQ is determined by the 
generators E^, F^, K^, K^^, i = l,...,A^— 1, and the relations 

KiF, = q-'^-F.K,, E,F, - F,E, = d,,{K, - K;^)/{q - q-') 

E^E, - (g + q-')E,EjE, + E,Ej = 0, K - j| = 1 (2.2) 
FfF^ - (g + q-')FiFjFi + F^Ff = 0, \i - j\ - 1 

The comultiplication A, the antipode 5", and the counit e are determined by 
^{Ei) ^Ei^l + Ki^Ei, A{Fi) = (8) i^ri + 1 F^, A{Ki) ^K^® K^, (2.3) 

S{Ei) = -Kr^Ei, S{Fi) = -F,K,, S{K,) = Kf', (2.4) 
e{Ei) = e{Fi) = 0, e{K,) = 1. 
Denote by Uqt the Hopf subalgebra in UqQ generated by Ej, Fj, Ki, K^^, i, j = 1, . . . , N — 

The algebra C[p~]q possesses the well known structure of C/gt-module algebra: 

g^z" , a = n k a = m 
KnZ^ = ^ qz2 , a = n k. a ^ m or a ^ n k a = m , (2.5) 



z2 , otherwise 



and with k ^ n 



qz" , k < n k a — k or k>nka — N — k 
KkZ^ = { q-^z2 , k<nka = k + l or k>nka^ N -k + 1 , (2.6) 



z^ , otherwise 



"a+l 



k < n k a — k 

FkZ^ = gV2 . ^ ^a+i ^ k>nka^N -k , (2.7) 

otherwise 



^a-l 



k<nka=k+l 
EkZ^ = . ^ ^^-1 , k>nka^ N -k + 1 . (2.8) 

otherwise 
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This f/g6-module algebra structure in C[p ]q can be extended up to a [/gfl-module algebra 
structure as follows (see 0): 

F^z: = q'l^.\ \ ' « = ^&« = ^ , (2.9) 
" ^ I ' otherwise ' ^ ' 

{q~^z'^z^ , a ^ n h OL ^ m 
(2™)2 ^ Q = ^&ct = m . (2.10) 
, otherwise 

Remarks, i) In the classical case the corresponding action of f/g in the space of 
holomorphic functions on p~ can be produced via an embedding p~ into the Grassmanian 
Gr^^AT as an open cell (we describe a q-analogue of the embedding in [H]). 

Now let us recall a definition of a well known first order differential calculus over 
C[p~]g. Let A-^(p~)q be the C[p^]q-bimodule given by its generators dz^, a = l,...n, 
a = 1, . . . m, and the relations 



with 



-f^<= E E <'<'dz:;.z^j, (2.11) 

a',f3'=l a',b'=l 

, a = b = a' = b' 



j^b'a' _ ) 1 ^a^bka = a'Lb = b' , . 

, otherwise 



The map d : ^ dz'^ can be extended up to a linear operator d : C[p^]g A^(p^)q 
satisfying the Leibniz rule. It was noted for the first time in |9j, that there exists a unique 
structure of a f/^g-module C[p~]g-bimodule in A^(p^)^ such that the map c? is a morphism 
of C/gfl-modules. The pair {A^{p~)g,d) is the first order differential calculus over C[p~]g. 

Let us introduce an algebra D{p~')g of q-differential operators on p~. Define the linear 
d 

operators ^-^ in C[p ]q via the differential d: 



n m n, J, 



dzf 

a=l a=l <^ 



J?' 



and the operators by 

= < ■ /, / e C[p-],. 
Then D{p^)q is the unital subalgebra in Endc(qi/2)(C[p^]g) generated by the operators 
d ^ 

2^, a = l,...n, a = l,...m. 
To start with, we describe D{p~)q in terms of generators and relations. 

Proposition 2.1 The complete list of relations between the generators z^, 
1, . . .n, a = 1, . . .m, of D{p^)q is as follows 



_d_ 

9is 



qz^z^ , a = b &i a < (3 or a <b k, a = {3 

^^={ t'^a , a<bha>(i , (2.13) 

+ , a<bha<fi 
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d d 



d d 
d d 

d d _.. d d 
' {q-q 



dz! dz- 



, a = b &6 a < P or a < b Sz a = (3 
, a < b Sz a > P 
, a < b &: a < P 



(2.14) 



a',b'=la',l3'=l 

with 5ab, 5°"^ being the Kronecker symbols, and R'^"; given by i2.1^) . 



(2.15) 



Using the f/^g-module structure in C[p~]g, we can define the structure of UqQ-module 
algebra in Endc(gi/2)(C[p~]g) via ()1.3j) with ^ G UgQ, T G Endc(gi/2)(C[p"]g). 
Our main resuh is 

Theorem 2.2 i) The algebra D{p~)q is a UqQ-module subalgebra in the UqQ-module alge- 
bra Endc(gi/2)(C[p"]g). 

a) The UqQ-module structure in D{p~)q is described explicitly as follows: 
UqQ acts on the generators z^ via formulae (where z^ should be replaced by 

d 

z^ ); for the generators -^-^ the formulae are 



d 



^dz', 



q — 



a 



dz- 



a = n h a = m 

a = n h a ^ m or a ^ n h a = m 
otherwise 



(2.16) 



d_ 



-3/2. 



d 



a = 1, . . . ra, 



a = 1, . . . m, 



(2.17) 



n fj m fj 

h=l OZf^ (jz!il 

m g 

13=1 OZ'a 



d 

6=1 Oh 




n m fi 



, a = n & a = m 

, a n Sz a = m 

, a = n h a ^ m 

, otherwise 



f2.18) 
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and with k ^ n 



Ku 



d 



/ , d 
q 



a 



a 



d 



Eh 



, k < n h a = k or k>nha = N — k 

, k<nha = k + l or k>n^a = N — k + 1 

, otherwise 



d_ 



d 



d 



d 



k<nha=k+l 

k> nka = N -k + l ' 
otherwise 



o 







k < n &i a = k 

k>nka=N-k 
otherwise 



(2.19) 



(2.20) 



(2.21) 



3 Sketch of the proof 

Let us outhne an idea of the proof of the main theorem. To prove the statement i) of the 
theorem we have to explain why for arbitrary ^ G UqQ, T G D(p^)y 



aT) e Dip- 



Iq- 



(3.1) 



The map z° 
algebras C[p~]g 



L, . . . n, a = 1, . . . m, is extendable up to an embedding of 
Endc(gi/2)(C[p~]g). This embedding intertwines the actions of UqQ in 
C[p^]g and Endc(gi/2)(C[p^]g) (this is a corollary of the fact that C[p~]g is a [/g0-module 

algebra). This observation proves ()3.1|) for T of the form /, / G C[p~]g, as well as the first 

d 

part of the statement ii) of the theorem. What remains is to prove ()3.1|) for T 



dz^ 



a = 1, . . . n, a = 1, . . . m. 

The space End£(„i/2)(C[p~]q) can be made into a left C[p~]g-module as follows: 



<(T) 



CQf rp 



\qli 



with a = l,...n, a = l,...m, T G Endc(gi/2)(C[p~]g). This structure is compatible 
with the action of UgQ. Consider the [/gfl-module A^(p~)g <S>c[p-]q ^^^c{q'^/^)i'^[P~]q) ■ The 
differential d : C[p~]q — » A^(p^)g is a morphism of the f/g0-modules. This implies UqQ- 

n m Q 

invariance of the element ^ ^ dz^ ® G A^(p")g 0j,jp_j Endc(gi/2)(C[p^ 

a=l a=l 

all i G UqQ 

n m r\ n m n 

E E E 6< » = ) E E ® 

a=l a=l j a=l a=l 

with e being the counit of UqQ, ^(0 = the coproduct in UqO). As it was 



i.e. for 



(3.2) 



proved in JH|, A^(p )q is a free right C[p ]q-module with the generators dz^. 



1 n, 
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a = 1, . . .m. Thus, for ^ G UgQ there exists a unique set f^'^iO ^ *^[P ]q, o, = ^, ■ ■ - n, 
a = 1, . . .m, b = 1, . . .n, f3 = 1, . . .m, such that 

n m 
6=1 /3=1 

Using the later equahty, we can rewrite ()3.2j) as follows: 

n m n n m r\ 

E E E ® = <o E E ® ^- (3-3) 

a,fe=l a,/3=l j a=l a=l 

Now one can obtain formulae ()2.16|) - ()2.2H) (and thus prove ()3.1|) for T = a = 1, . . . n, 
a = 1, . . . m) via applying ()3.3j) to the generators Ei, Fi, Ki, of f/q0. 



4 A generalization: q-difFerential operators in holomorphic q-bundles. 

Let r be a finitely generated free right C[p^]q-module, i.e. there exists an isomorphism 
of the right C[p~]g-modules 

7r:r-^r(g)C[p-],, 

with V being a finite dimensional vector space. Elements of F are q-analogues of sections 
of a holomorphic vector bundle over p~. Finitely generated free right C[p~]q-modules will 
be called vector q-bundles. The isomorphism vr will be called a trivialization of F. 

Let Fi, F2 be two vector q-bundles, tti : Fi ^ ^1 (S^ : F2 — > V2 0C[p^]g 
their trivializations. Set 

D(Fi, = [De Hom(Fi, F2) \n2 ■ D ■ vrr' G Hom(Vi, V2) (g) D{p-), } . 

Elements of -D(Fi, F2)g can be treated as q-analogues of differential operators in sections 
of holomorphic vector bundles. 

We need to verify that -D(Fi, F2)g is independent of the choice of trivializations. This 
follows from the observation that for two trivializations tti : F — >■ ^1 (^C[p~]g, 712 : T —>■ 
V2<S>^P~]g of a q-bundle F 

vr2 ■ (vri)-^ G Hom(yi, ^2) (g) CfrTg 

with C[p^]g being the unital subalgebra in D{p^)q generated by z^, a = l,...n, a = 
1, . . . m. 

Suppose that F is a UqQ-niodule q-bundle. It means that F is a vector q-bundle and 
a ?7g0-module, and the multiplication map F0C[p^]q ^ F is a morphism of the UgQ- 
modules. 

For t/^g-module vector q-bundles a result analogous to the main theorem (Section 2) 
can be obtained. Let us formulate it. 

If Vi, V2 are modules over a Hopf algebra A then the space Hom(Vi, V2) admits the 
following "canonical" structure of an A-module: for G A, T G Hom(Vi, V2) 

e(T) = E^r^-^(^;'), (4.1) 
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where A(^) = X^^j ® coproduct), S is the antipode, and the product in the 

j 

right-hand side means the composition of the maps S{^j) G End(Vi), T G Hom(Vi, V2), 
C,j G End(V2). It is well known that this action makes Hom(Vi, V2) into an A-module left 
End (V2) -module and an A-module right End(Vi)-module, i.e. the composition map 

End{V2) (g) RomiVi, V2) (g) End(yi) ^ Hom(Vl, V2) 

is a morphism of the A-modules. 

Let Fi, F2 be f/^g-module vector q-bundles. Using our main theorem, one can prove 
the following 

Proposition 4.1 The subspace D(Fi,F2)q C Hom(Fi,F2) is UqQ-invariant; thus, the 
composition map 

D{T2)g (g) Dir., F2), (g) D{T,), D(Fi, F2), 

(here D(T)g denotes D{T,T)g) makes D(Ti,T2)g into a UgQ-module left D(T2)q-module 
and a UgQ-module right D(Ti)q-module. 

5 Concluding notes 

The space of m x n matrices considered in the present paper is the simplest example of 
a prehomogeneous vector space of commutative parabolic type 0. Such vector spaces 
are closely related to non-compact Hermitian symmetric spaces. Specifically, any non- 
compact Hermitian symmetric space can be realized (via the Harish- Chandra embedding) 
as a bounded symmetric domain in some prehomogeneous vector space of commutative 
parabolic type. 

In |10| a q-analogue of an arbitrary prehomogeneous vector space of commutative 
parabohc type was constructed. More precisely, let f/ be a bounded symmetric domain, 
p~ the corresponding prehomogeneous vector space, and g the complexification of the Lie 
algebra of the automorphism group of U . In the paper (TU] a UqQ-modvle algebra C[p"]g 
and a covariant first order differential calculus (A^(p~),(i) over C[p~]g were introduced 
(the notation q_i was used in [10^ instead of p~). Using the first order differential calculus, 
one can define an algebra D(p~)g of q-differential operators in C[p~]g just as it was done 
in Section 2 in the case of the matrix space. 

In this general setting it can also be proved that D{p~)q is a t/q0-module subalgebra 
in the ?7gg-module algebra End(C[p~]g). Indeed, it easy to see that the proof of our main 
theorem (Section 3) does not use a specific nature of the case when p~ is the matrix space. 

6 Appendix: Constant coefficient q-differential operators. 

_ d 

Let D{p Y°^^^ be the unital subalgebra in D(p )q generated by -q-^^ a = 1, . . .n, a = 

l,...m. By ^T^, (jTTTH) . (j2I2ni), (I2I2II), it is a [/gfi-module subalgebra in D{\s-)q. Its 
elements are q-analogues of the constant coefficient differential operators in the space of 
holomorphic polynomials. It turn out that the natural action of D(p~)™"*** in C[p~]q 
is related to the action of the quantized universal enveloping algebra. Turn to precise 
formulations. 
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Denote by UgQ the Hopf algebra derived from UqQ by adjoining the pairwise commuting 
generators Lf^, i = 1, . . . N — 1, such that Ki = Y[f=i -^7^ (with (aj^) being the Cartan 
matrix for g), and 

A(L,) = ® L„ SiLi) = L-\ e{U) = 1. 

Endow tJqQ with a structure of [/^g-module algebra via the usual quantum adjoint action: 
ad^(r7) = E ^ ■ S{i';), with A(0 = E ® 

3 j 

As it was proved in the t/g^-submodule adf/q0(Lj~^) C t/^g is finite-dimensional. 
Let F be its primitive vector adF/v-iadF/v_2 • • • adFi(L^^). Evidently, adf/q6(F) is a finite 
dimensional ?7g6-submodule in UqQ. Let t/gp~ be the minimal subalgebra in JJqQ containing 
ad[/g6(F). The following statement can be proved. 

Proposition 6.1 For any ^ G f/gp~ there exists a unique G such that 

m = w), 

for any f G C[p^]q. The map : Ugp^ D{p^Y°^^^ , (p : C, ^ d^, is an isomorphism of 
the Uqt-module algebras. 

Let us produce a notion of constant coefficient differential operators for vector q- 
bundles. First of all, we need to distinguish a class of vector q-bundles for which this 
notion is well defined. 

Let Uq{p~ + t) be the Hopf subalgebra in UqQ generated by F„ and Uqt. Suppose that 
r is a Uq^p" + 6)-module vector q-bundle (it means that F is a vector q-bundle and a 
Uq{p~ + 6)-module, and the multiphcation map F0C[p~]g — F is a morphism of the 
Uq{p~ + t)-modules). A trivialization vr : F — > F0C[p^]g is called good trivialization if 
it satisfies the following conditions: 

i) ^ is a finite dimensional Uq{p~ + 6)-module with the property F„f = for any 
veV; 

ii) TT is a morphism of the Uq{p~ + 6)-modules (here V^(S)C[p^]g is endowed with 
Uq{p~ + t)-modnle structure via the coproduct A : Uq{p~ + t) -> Uq{p' + t) (g) Uq{p~ + t)). 

It can be proved that for any two good trivializations tti : F ^ Vi Cfp^]^, 7r2 : F ^ 
V2 <S>'^[P~]q of a vector q-bundle F 

7r2-7rf^ = T®l (6.1) 

with T G Homf/^(p-+E)(l^i, V2). 

The set of Uq{p~ + 6)-module vector q-bundles admitting good trivializations is the 
class of vector q-bundles for which the notion of a q-differential operator with constant 
coefficients is well-defined: if Fi, F2 admit good trivializations vti : Fi ^ ^ifS^^lP ]g; 
7r2 : F2 — > V2 C[p^]g, then the elements of the space 

[d G D(Fi, F2), \n2-D- Trr' G Hom(yi, V2) (g) D(p-)™'^^* } 



can be treated as q-analogues of the constant coefficient differential operators in sections 
of holomorphic vector bundles. By ()6.1|) . this space is independent of good trivializations. 
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